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Abstract. We show that any diffeomorphism of a compact manifold can be 
C 1 approximated by diffeomorphisms exhibiting a homoclinic tangency or by 
diffcomorphisms having a partial hyperbolic structure. 



1. Introduction 

1.1. Characterization of partial hyperbolicity. We are interested in describ- 
ing the dynamics of a large class of diffeomorphisms of a compact manifold M. 
This goal was achieved in a satisfactory way about 40 years ago for the hyperbolic 
diffeomorphisms. These are the systems / admitting a filtration, i.e. a finite collec- 
tion of open sets = Uq C Ui C • • ■ C U s = M satisfying f(Ui) C U, such that the 
maximal invariant set Aj in each level Ui\Ui—i is hyperbolic: there exists a split- 
ting of the tangent bundle into two invariant linear subbundles T Ai M = E s © E u 
such that E s and E u are respectively strictly contracted and expanded by a for- 
ward iterate of /. These systems satisfy many good properties. For instance, they 
possess a spectral decomposition: taking a finer filtration the sets Aj are transitive. 
Moreover, they are stable under perturbations, they can be coded,... 

We are far from well understanding the dynamics beyond hyperbolicity and one 
would like to extend the previous properties to weaker forms of hyperbolicity. This 
paper deals with the following version of partial hyperbolicity. 

Definition 1.1. An invariant set A of a diffeomorphism / is partially hyperbolic if 
its tangent bundle splits into invariant linear subbundles: 

T A M = E s © El © • • • © El © E u , 

such that each central bundle Ef is one-dimensional and such that considering a 
Riemannian metric on M there exists a forward iterate f N which satisfies: 

\\Df -v\\ < 1/2 for each unitary v G E s (one says E s is (uniformly) con- 
tracted.), 

\\Df~ N .v\\ < 1/2 for each unitary v G E u (one syas E u is (uniformly) 
expanded.), 

\\Dfx .u\\ < l/2\\Dfx- v\\ for each x £ A, each i — 0, . . . , k and each unitary 
vectors u G E s ©•••©£?, v G Ef +1 in T X M. 

A diffeomorphism / is partially hyperbolic if there exists a filtration = Uq C 
U\ C • • ■ C U s = M such that the maximal invariant set Aj in each level Ui \ f/j-i 
is partially hyperbolic. 

The type of the decomposition can be different on each piece Aj. We allow 
k = 0: in this case the piece is hyperbolic. We also allow E s and/or E u to be trivial. 
Different notions of partial hyperbolicity appear in the literature; the decomposition 
of the central part into one-dimensional central bundles here provides a good control 
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of the tangent dynamics. In particular, this gives a symbolic description and the 
existence of equilibrium states for these systems, see the discussions in Section [L4l 

The set of partially hyperbolic diffeomorphisms is open in the space Diff 1 (M) of 
diffcomorphisms endowed with the C^-topology. It is well known that there exist 
such diffcomorphisms that can not be approximated by hyperbolic ones, see for 
instance (5). Also partially hyperbolic diffeomorphisms are not dense in Diff 1 (M) 
when dim(M) > 3 (on surface this question is open): from |BDi| , for an open set 
of diffcomorphisms each filtration contains a piece Aj whose tangent dynamics has 
no non-trivial invariant continuous sub-bundle. The lack of partial hyperbolicity in 
these examples is related to the following obstruction. 

Definition 1.2. A diffeomorphism / : M —¥ M exhibits a homoclinic tangency if 
there is a hyperbolic periodic orbit whose invariant manifolds W s {0) and W u {0) 
have a non transverse intersection. 

The homoclinic tangencies generate interesting dynamical instabilities, see for 
instance |PT| . Our goal is to provide a dichotomy between these two notions. 

Main Theorem. Any diffeomorphism f can be approximated in Diff 1 (M) by dif- 
feomorphisms which exhibit a homoclinic tangency or by partially hyperbolic diffeo- 
morphisms. 

This result thus gives a complete obstruction to the partial hyperbolicity and 
decomposes the set of diffeomorphisms in two parts: on one of them, the global 
dynamics is quite well described, on the other one, the systems exhibit rich dy- 
namical instabilities through local bifurcations. One thus obtains an example of 
decomposition by phenomenon and mechanism as discussed in |CPj . 

In fact, our result was motivated by a conjecture of Palis which proposes |Paj to 
characterize the lack of hyperbolicity by homoclinic tangencies and heterodimen- 
sional cycles. Several previous papers are related to our work. 

- }PuSj solved Palis conjecture on surfaces and implied our result in this case. 

- |Wi| and IG2I showed that for diffeomorphisms far from tangencies, the 
tangent bundle splits on the closure of the hyperbolic periodic orbits of a 
given stable dimension. 

- The previous results imply the theorem for tame diffeomorphisms, i.e. those 
which do not admit nitrations with an arbitrarily large number of non- 
trivial levels. See [BDPR, ABCDW . For the same reason, the theorem 
holds in the conservative setting. 

- |GYW) gave a local version of the theorem: far from homoclinic tangencies, 
any minimally non-hyperbolic sets is partially hyperbolic. 

- IC3I proved the theorem above for diffeomorphisms that are not approxi- 
mated by diffeomorphisms exhibiting a heterodimensional cycle; this was 
used in |CPj for obtaining partial results on Palis conjecture. 

■ IY2I obtained the partial hyperbolicity on aperiodic pieces of generic dif- 
feomorphisms far from homoclinic tangencies. 
In view to |Wi| , one could hope to generalize our result and obtain a positive 
answer to the following question. 

Problem 1.3. Is it equivalent for a diffeomorphism to be not partially hyperbolic 
and to be limit in Diff 1 (M) of diffeomorphisms exhibiting a homoclinic tangency? 
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1.2. Precise statement. When one studies the global dynamics of a homeomor- 
phism / of a compact metric space M, one splits the dynamics into pieces that 
can not be further decomposed by nitrations. Let us define on M the following 
relation: x ~ y if and only if for any e > there exists a periodic e-pseudo-orbit 
which contains both x and y. Then, the chain-recurrent set 7t(f) is the set of 
points x G M satisfying x ~ x. On this set ~ becomes an equivalence relation 
which defines a compact invariant decomposition of H(f) into its chain-recurrence 
classes. A chain-transitive set of / is an invariant compact set K C M such that 
the restriction f\ K has a single chain-recurrence class. 

For any hyperbolic periodic orbit O of a diffeomorphism, the closure of the 
transverse intersections between the stable and the unstable manifolds of O is called 
the homoclinic class of O and denoted by H{0). In [BC it is proved that for a 
dense G$ subset of Diff (M) the chain-recurrence classes which contain periodic 
points are the homoclinic classes. The other ones are called aperiodic classes. 

In the following we denote by HT C Diff 1 (M) the closure of the set of diffeomor- 
phisms exhibiting a homoclinic tangency. Recall also that if fx is an invariant prob- 
ability measure and if E is a continuous one-dimensional bundle over the support 
of /i, then one can define the Lyapunov exponent of fi along E as / log 
by considering any riemannian metric on M. 

Theorem 1.1. The diffeomorphisms f in a dense Gs subset Q C DirT(M) \ HT 
has the following properties. 

(1) Any aperiodic class C is partially hyperbolic with a one- dimensional cen- 
tral bundle. Moreover, the Lyapunov exponent along E c of any invariant 
measure supported on C is zero. 

(2) Any homoclinic class H(p) has a partially hyperbolic structure 

T C M = E s ®El® ...®E c k ®E u . 

Moreover the minimal stable dimension of the periodic orbits of H{p) is 
dim(£' s ) or dim(_E s ) + 1. Similarly the maximal stable dimension of the 
periodic orbits of H(p) is diva{E s ) + k or dim(E s ) + k — 1. For every 
i, 1 < i < k there exist periodic points in H(p) whose Lyapunov exponent 
along E\ is arbitrarily close to 0. 

One obtains the Main Theorem from Theorem 11.11 by proving that any diffeo- 
morphism / G Q is partially hyperbolic. We first recall the following properties: 

- If a chain-recurrence class C is partially hyperbolic, then the same holds on 
the maximal invariant set in a neighborhood of C. 

- Any limit of a sequence of chain-recurrence classes for the Hausdorff topol- 
ogy is contained in a chain-recurrence class. 

By compactness of the space of compact subsets of M, one deduces from Theo- 
rem ll.ll that there exists a finite family of open sets V\ , . . . , Vi such that the maximal 
invariant set in each of them is partially hyperbolic and any chain-recurrence class 
is contained in one of the Vi. As a consequence considering a filtration U\, . . . , U s 
such that the maximal invariant set in each level set {/, \ is contained in one 
of the open sets Vj, one gets the partial hyperbolicity of /. This gives the Main 
Theorem. 

Remark 1.4. - As we said, the first item was already obtained in IY2I - 
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- From [ABCDW_, the set of stable dimensions of periodic orbits in a homo- 
clinic class is an interval of {0, . . . , dim(M)}. 

- For a homoclinic class H(jp) whose minimal stable dimension of periodic 
points is dim(_E s ) + 1, the bundle E s + Ef satisfies some weak hyperbolicity 
property. See Section [87T1 

- From |C3[ Section 2.4], for aperiodic classes the extremal bundles E s and 
E u are both non-degenerated. 

Thcorcm ll.il answers partially [ABCDW, conjecture 1], but other questions re- 
mains: for diffeomorphisms as in Theorem 11.11 are homoclinic classes the only 
possible chain-recurrence classes? does the minimal stable dimension of periodic 
orbits in a homoclinic class coincide with dim(E s )7 One would get positives answers 
if a spectral decomposition holds: 

Conjecture 1 (Bonatti [Bon] ) . There exists a dense Gs subset in Diff 1 (M) \ HT 
of diffeomorphisms having only finitely many chain-recurrence classes. 

One can also wonder if a local version of Theorem l 1 . 1 I holds for homoclinic classes: 

Problem 1.5. Does there exists a dense Gs subset o/Diff 1 (M) of diffeomorphisms 
f such that for any homoclinic class H(0) one of the following holds: 

- either H(O) is partially hyperbolic, 

- or there exists a periodic orbit O' C H(0) and diffeomorphisms arbitrarily 
close to f in Diff (M) exhibiting a homoclinic tangency associated to O' ? 



1.3. Linking periodic orbits to a class. Let us explain the main difficulty for 
obtaining Theorem ll.il we consider a chain- recurrence class C of a diffeomorphism 
/ which belongs to a dense Gs subset of Diff 1 (M) \ HT. 

From |Ci| , the class C is the Hausdorff limit of a sequence of periodic orbits. 
From |Wi| , one gets an integer N > 1 and an invariant splitting TcM = E © F on 
C which is N -dominated: for each x € C and each unitary vectors u € E x , v E F x 
one has \\Df».u\\ < l/2\\Df».v\\. 

We thus have to analyze non-uniform bundles and try to split them with one- 
dimensional central bundles. From a selecting lemma of Liao, if a bundle E is 
not uniform, one can find in C an invariant compact subset K with an invariant 
splitting of its tangent bundle of the form TkM = E s © E c © E u , where E c is 
one-dimensional and not uniformly contracted nor expanded. By Mane's ergodic 
closing lemma, one can find in any neighborhood of K some periodic orbits 0~ , + 
of stable dimensions dim(E s ) and dim(E s ) + 1 respectively. If one can prove that 
there exist other periodic orbits 0~ , + with the same stable dimensions as 0~ , + 
and which approximate C in the Hausdorff topology, then one deduces again from 
|W71 that there exists a splitting T C M = E'®E C ®F' which coincides with T K M = 
E s © E c © E u on K, giving a one-dimensional central bundle on C as required. 

One way to obtain this property is to prove that the periodic orbits 0~ , + are 
contained in the class C. Indeed by |BCj one would conclude that C coincides with 
the homoclinic class H(0~) and H(0 + ). Proving that 0~ and + are contained 
in C is the main difficulty in this subject, and so it is also for Palis conjecture. In 
the case all the chain-recurrence classes are isolated in 71(f) (their number is finite, 
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and the dynamics is said to be tame) this problem does not appear; the same holds 
when the dynamics is conservative. 

This difficulty is addressed by the following technical local result. When O is a 
periodic orbit of a diffeomorphism / and U is an open set containing O, we define 
the local homoclinic class H(0, U) as the closure of the set of transverse homoclinic 
orbits between the stable and the unstable manifolds of O that are contained in U. 
It is a transitive invariant compact set contained in U. 

Theorem 1.2. Let f be a diffeomorphism in a dense Gs subset o/Diff 1 (M) and 
let A be a compact invariant and chain-transitive set with a dominated splitting 
T A M = E s @E° ®F. Assume also that 

- E s is uniformly contracted. 

- E c is one dimensional and it is not uniformly contracted. 

- There exists an ergodic measure [i supported on A whose Lyapunov exponent 
along E c is non-zero. 

Then, one of the following holds: 

(1) For any neighborhood Uq of A , there exists a local homoclinic class H(0, Uq) 
containing A where the stable dimension of O equals dim E s . 

(2) For any 9 > and any neighborhood Uq of A, there exists a periodic orbit 
O C U such that 

- The Lyapunov exponent of O along E c belongs to (—9,9) 

- A is contained in the local homoclinic class H(0, Uq). 

We would like to point out that the above theorem does not required the diffeo- 
morphism to be far from homoclinic tangencies. 

The goal to link a set having a non-uniform central bundle to weak periodic 
orbits contained in a neighborhood is very similar to Liao's and Mane's selecting 
lemmas (see for instance IW2I or [Mg])- For instance, with these technics BGY 
proved the following: 

Let f be a C 1 -generic diffeomorphism and let H(0) be a homoclinic class with 
dominated splitting E s © F where E" is uniformly contracted, the stable dimension 
of O equals dim(_E s ) and F is not uniformly expanded. Then, for any 8 there are 
periodic orbits in H whose minimal Lyapunov exponent in F belongs to (0,8). 

Our proof however is very different. As in IC3I , it is obtained by analyzing 
the dynamics along the central bundle and by using the central models introduced 
in IC2 1 - The fact that we do not forbid heterodimensional cycles changes however 
the philosophy and increases a lot the difficulty. We need to develop two new 
strategies presented in Sections [5] and [7J 

Organization of the paper. The Section [5] recalls genericity results and the Sec- 
tion @] presents the central models. The proof of Theorem ll .21 from Sections [5] and [7] 
is given in Section [5] The proof of Theorem 11.11 (and hence of the Main Theo- 
rem) appears in Section |3l The consequences that are presented in section 11.41 are 
obtained in Section [5] Note that the first item of Theorem 11.11 about aperiodic 
classes can be proved in a shorter way (independently from Sections O and UJ , see 
Section O 
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1.4. Consequences. Dynamics far from homoclinic tangencies. Our result 
allows to solve for diffeomorphisms far from homoclinic tangencies several problems 
stated for C^-diffeomorphisms. In the following, we will say that a property holds 
for C -generic diffeomorphisms if it is satisfied on a dense G s subset of Diff^M). 

Symbolic extensions. The dynamics on partially hyperbolic sets where the cen- 
tral bundle has a dominated splitting into one-dimensional subbundles have nice 
symbolic descriptions. This is obtained through the property of entropy expansivc- 
ness, introduced by Bowen Bowi|. 

Definition 1.6. A homeomorphism / of a compact metric space X entropy- 
expansive if there exists e > such that for any x £ X, the set 

B(x,e,f) = {yeX, for any n e Z,d(f n (x), f n (y)) < e} 

has zero entropy. 

Recall that a (non necessarily invariant) set B C X has zero entropy when the 
entropy of B at any scale 5 is zero: let us denote by N(B,8, f,n) the minimal 
number of points x\ , . . . , xm in B so that any x £ B stays ^-close to some Xi during 
n iterations; then N(B, 5, /, n) growths sub-exponentially with n for any 6. 

Remark 1.7. We provide some remarks from |Bowi| . 

(1) This notion is weaker than expansiveness, which assumes that the dynam- 
ical ball B(x,e,f) is reduced to x. 

(2) In the definition, one can also replace B(x, e, /) by the forward dynamical 
ball 

B+(x,eJ) = {yeX, for any n e N, d(f n (x),f n (y)) < e}. 

(3) One can also introduce the ball 

B n (x,eJ) = {y€X, for any < k < n, d(.f k (x), f k (y)) < e}. 

A map is entropy expansive if for e > small the following quantity is zero 
for any i£l: 

h* f (e) = lim limsup - log N(B n (x, e, /), S, f, n). 

(4) If / is entropy expansive, then there exists e > such that the topological 
entropy of / coincides with the topological entropy at scale e defined as: 

hf(e) — limsup — log N(X, e, f, n). 

n— >+oo ri 

(5) If the restriction of / to the non-wandering set f2(/) is entropy-expansive, 
then so is /. 

From the last remark, any entropy expansive system admits equilibrium states 
(see |Bow2[ Proposition 2.19]): more precisely, for any continuous map ip: X — > K, 
there exists a measure that realizes the maximum of the following quantity over all 
invariant probability measures [i 



Pf (tp) — max <^hf(fi) + J tpd/j, 
where hf(fi) denotes the entropy of \i for /. 
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In |BFFj it is shown that any entropy-expansive system admits a principal sym- 
bolic extension, i.e. there exists an invariant compact set Y of a full subshift 
({1, . . . , fc} z , er) and a continuous semi-conjugacy it: Y — > X such that for any 
invariant measure /i of (Y, a), the entropy of fi for a and of 7T*(/z) for / are the 
same. 

In |CY[ IDFPV] , it is shown that the restriction of a diffeomorphism to a compact 
invariant set which is partially hyperbolic and whose central bundle has a dominated 
splitting into one-dimensional subbundles is entropy-expansive. This result with the 
remark (5) above and the Main Theorem implies the following. 

Corollary 1.3. Any diffeomorphism f in an open and dense subset o/Diff 1 (M) \ 
HT is entropy-expansive. In particular, it admits principal symbolic extensions. 
Also, any continuous map (p: M — > K has an equilibrium state. 

At the time we were finishing this paper, we learned that Liao, Viana and Yang 
[LVYj proved the entropy expansiveness for any diffeomorphism C^-far from ho- 
moclinic tangencies. Their result uses the uniform dominated splitting over the 
support of ergodic measures for diffeomorphism C -far from homoclinic tangencies. 
In our case, we do not have a uniform version of Theorem 1 1 . 1 1 that holds for general 
diffeomorphisms in Diff x (M) \ HT. 

Lack of hyperbolicity and weak periodic points. The stability of diffeomor- 
phisms has been related to the hyperbolicity, see |M 2 | . This goal has been achieved 
by considering star diffeomorphisms, i.e. systems whose periodic orbits do not bi- 
furcate by small C 1 -perturbation. We propose here to address a local version of 
this question. 

For a homoclinic class H(0) of /, if for any 5 > 0, there is a hyperbolic periodic 
point q such that 

- q is homoclinically related with O, i.e. its stable and unstable manifolds 
intersect transversally those of O, 

- q has one Lyapunov exponent in (—8,6), 

then one says that H(0) contains weak periodic orbits related to p. 

Problem 1.8. For generic f £ DifF (M), the homoclinic classes H(0) satisfy: 

- either H(0) is hyperbolic, 

- or H(0) contains weak periodic orbits related to O. 

Let us discuss how to solve this problem. If the class H(0) does not contain 
weak periodic orbits related to O, then by a generic argument, one can prove that 
H(0) admits a dominated splitting Th^q)M = E @ F, where dimE equals to the 
stable dimension of O, and one can get a uniform estimation for the contraction and 
the expansion at the period along the invariant bundles of periodic orbits related 
with O. (One can see [GYj .) By a variation of Mane's work, one can thus answer 
the problem when E is uniformly contracted: jBGYj shows that F is uniformly 
expanded in this case. 

For diffeomorphisms far from homoclinic tangencies we have: 

Corollary 1.4. For generic f e Diff i (M)\HT, any homoclinic class H(O) satisfy: 

- either H(0) is hyperbolic, 

- or H(0) contains weak periodic orbits related to O. 
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Palis conjecture. If / has two hyperbolic periodic orbits Oi and O2 with dif- 
ferent stable dimension and whose invariant manifolds intersect (i.e. such that 
W s {Oi) n W u {0 2 ) and W s {0 2 ) n W u (0 1 ) are non-empty), then we say / that has 
a heterodimensional cycle. One can generalize this definition: a robust heterodi- 
mensional cycle is a pair of transitive hyperbolic sets K, L having different stable 
dimensions such that for any diffeomorphism C^-close to / the stable and unstable 
sets of the continuations of K and L intersect. 

Conjecture 2 (Palis). Every robustly non-hyperbolic diffeomorphism f can be ac- 
cumulated by diffeomorphisms exhibiting either a homoclinic tangency or a heterodi- 
mensional cycle. 

The following corollary of Theorem 11.11 was the main theorem of IC3I . 

Corollary 1.5. For generic f 6 Diff 1 (M) which can not be approximated by dif- 
feomorphisms exhibiting a homoclinic tangency or a heterodimensional cycle, any 
homoclinic class H(0) admits a partially hyperbolic splitting: 

T H[Q) M = E S ® El ® El © E u , 

where dimEf = or 1, for i = 1,2 and dim(E s © Ef) coincides with the stable 
dimension of O. 

Lyapunov stable classes. One sometimes focuses the study of a system to its 
attractors, since they can describe the forward behavior of most orbits. We will 
say that a chain-recurrence class is Lyapunov stable if it admits arbitrarily small 
neighborhoods U satisfying f(U) C U . It is known [BC] that for C 1 -generic diffeo- 
morphisms, the forward orbit of points in a dense Gs subset of M accumulates on 
a Lyapunov stable class. 

In restriction to these classes, Palis conjecture holds [CPj . Combining this result 
with ours we get the following statement, which was proposed to us by Yi Shi. 

Corollary 1.6. For generic f G Diff 1 (M) \ HT, if C is a Lyapunov stable chain- 
recurrence class, then 

- either it is hyperbolic, 

- or it contains a robust heterodimensional cycle. 

For generic diffeomorphisms in Diff* (M) \ HT, more is known about Lyapunov 
stable chain-recurrence classes. By |Yi| they are homoclinic classes and by [BGLM 
they are residual attractors, i.e. for each of them there exists a neighborhood U 
such that the forward orbit of any point in a dense Gs subset of U accumulates on 
the class. 

When M is connected, the bi-Lyapunov stable classes of a generic diffeomor- 
phism, i.e. the chain-recurrence classes that are Lyapunov stable both for / and 
coincide with the whole manifold, see |Poj and previous works ABDl lPoS] , In 
particular, if a chain-recurrence class has non-empty interior, M is transitive. 

Bound on the number of classes. The conjecture Q] asserts that for generic 
diffeomorphism / G Diff 1 (M) \ HT the number of chain- recurrence classes is finite. 
From the Main Theorem, the classes are partially hyperbolic and the number of 
central bundles may be large. One can bound the number of classes having a central 
bundle of dimension larger or equal to 2. 
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Corollary 1.7. For generic f G Diff (M) \ HT, there exist only finitely many 
chain-recurrence classes having more than one non-uniform one- dimensional cen- 
tral bundle. 

Index completeness. As we explained in section II .31 it is sometimes impor- 
tant to know the stable dimensions of the periodic orbits contained in a given 
neighborhood of a set K or which approximate a set for the Hausdorff topology. 
ABCDW discussed this problem of index completeness for chain transitive sets 
of generic diffeomorphisms and proved that homoclinic classes have some "inner- 
index-completeness" property. 

For a chain-transitive set A of /, one dchncs ind(A) as the set of integers i such 
that A is the Hausdorff limit of a sequence of hyperbolic periodic orbits of stable 
dimension i. If ind(A) is an interval of Z, then one says that A is index complete. 

Problem 1.9. Are chain-transitive sets of C 1 -generic f index complete? 

We obtain a positive answer far from homoclinic tangencies. 

Corollary 1.8. For generic f £ Diff (M) \HT and for any chain-transitive set A, 

(1) A is index complete. Moreover, A admits a partially hyperbolic splitting 

T A = E s ®El®- ■ -®E L k ®E u , where dim(£?) = 1 and ind(A) = {dim£ s , . . . , dim£' s + 
k}. 

(2) There exists a neighborhood U of A such that ind(A) coincides with the set 
of stable dimensions of the hyperbolic periodic orbits contained in U . 

Ergodic closing lemma inside homoclinic classes. The ergodic closing lemma 
of Mane \Mx\ asserts that for C 1 -generic diffeomorphisms any ergodic probability 
measure /i is the weak limit of a sequence of periodic orbits (O n ). As focused in 
section 11.31 it is important to know if in some cases one can choose the periodic 
orbits O n in the chain- recurrence class supporting ji. This corresponds to Bon, 
Conjecture 2}. 

We obtained a positive answer in a very particular case. 

Corollary 1.9. For any generic diffeomorphism f G Diff* (M) \ HT, let H{p) 
be a homoclinic class and let i be the minimal stable dimension of its periodic 
orbits. Then, for any ergodic measure /i supported on H{p) and whose i th Lyapunov 
exponent is zero, there exists periodic orbits O n contained in H(p) whose associated 
measures converge for the weak topology towards the measure \x. 

2. Preliminary definitions and results 

For the sake of completeness in this section we recall some definitions and results 
that are useful in our context. The reader may skip this section and return to it 
when referenced. 

2.1. General definitions. Let / be a diffeomorphism of M. 

The positive and negative orbits of a point {f n (x),n > 0} and {f~ n (x),n > 0} 
are denoted by orb + (x) and orb - (a;). 

The chain-stable set Wfj h ~ s (K) of a (not necessarily /-invariant) compact set K 
inside a set U that contains K is the set of points x € M that can be joint to a 
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point of K by an e-pseudo-orbit contained in U for any e > 0. When U = M we 
denotes W ch ~ s {M) = W{j h - S (K). 

The local stable set W£(x) of size r\ > of a point x £ M is the set of points 
y £ M such that the distance between f n (x) and f n (y) for n > remains smaller 
than ?y and goes to as n goes to +oo. 

The (stable) index of a hyperbolic periodic point is its stable dimension. 

Two hyperbolic periodic orbits 0\ and O2 contained in an open set U are ho- 
moclinically related in U if there exist transverse intersection points in W s {0\) n 
W u (02) and W u (Oi) PiW s (O2) whose orbits are contained in U. This implies that 
H{O u U) = H(0 2 ,U). 

2.2. Genericity results. We then recall some properties that hold for diffeomor- 
phisms in a dense Gg subset of DifF x (M). 

Weak periodic points. Franks lemma [Fj allows to change the index of a peri- 
odic orbit having a weak Lyapunov exponent by a C 1 -small perturbation. With a 
classical Baire argument, one gets the following. 

Lemma 2.1. Let f be a diffeomorphism in a dense Gs subset of Diff 1 (Af) and 
consider a sequence of hyperbolic periodic orbits (O n ) of stable index i > which 
converges for the Hausdorff topology towards a set A. Assume also that the i th Lya- 
punov exponent Xi{O n ) of O n goes to zero as n — > 00. Then there exist hyperbolic 
periodic orbits of index i — 1 arbitrarily close to A for the Hausdorff topology whose 
i th Lyapunov exponent is arbitrarily close to zero. 

Connecting lemmas. We need the following lemmas for connecting orbits. 

Theorem 2.2. [H] For any f and any C 1 neighborhood IA of f , there is L = 
L(U) G N such that any non-periodic point z € M admits two arbitrarily small 
neighborhoods B z C B z with the following property. 

Consider two points x,y outside Ul,z '■— ^=aP{B z ) having iterates f Ux {x) and 
f~ ny {y) i n B z such that n Xl n y > 1. Then, there exists g ElA such that: 

- g = f onM\U L>z , 

- y belongs to the forward orbit of x for g: there is N < n x + n y such that 

g N ( X ) = y, 

- the orbit segment {x, g(x), . . . , g N (x)} is contained in the union of the orbit 
segments {x, f(x), . . . , f n "(x)}, {/ _n "(y), . . . ,y} and ofU L , z - 

This allows to compare local homoclinic classes (the argument is similar to GW, 
Lemma 4.2]). 

Corollary 2.3. Let f be a diffeomorphism in a dense Gs subset o/Diff 1 (Af), let 
p, q be two hyperbolic periodic points and let U, V be two open sets satisfying U C V . 
Then: 

- If H(p,U) contains q and ifp,q have the same index, the orbits ofp,q are 
homoclinically related in V . 

- If H(p,U) and H(q,U) intersect, H(p,V) contains H(q,U). 

The connecting lemma for pseudo-orbits proved in |BC] can be restated in the 
following way (see |Ci| ): 
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Theorem 2.4. [BCj Let f be a diffeomorphism in a dense Gs subset o/DifF 1 (M) 7 
let K be a compact set, x,y be two points in K such that y G W^ l ~ u (x). Then, for 
any neighborhoods U x of x, U y of y and Uk of K, there are z G U x and neN such 
thatf n (z) G U y and{z,f(z),--- ,f n (z)} C U K . 

Using Theorem l2.4l one can improve Corollarv l2.3l about local homoclinic classes 
and get the following (see also |BC[ Section 1.2.3]). 

Corollary 2.5. Let f be a diffeomorphism in a dense Gs subset of Diff 1 (M). 
Then, for any hyperbolic periodic point p, for any compact sets A, A such that A 
is contained in the local chain-stable and chain-unstable sets of p inside A, for any 
neighborhood U of A, the local homoclinic class H(p, U) contains A. 

In particular, the homoclinic classes of a C 1 -generic diffeomorphism are chain- 
recurrence classes. Also considering a hyperbolic periodic orbit O and two chain- 
transitive compact sets K C A contained in an open set U such that K C H(0, U), 
the class H (O, V) contains A for any open neighborhood V of U. 

The following global connecting lemma allows to control the support of orbit 
segments. 

Theorem 2.6. |Ci| For any diffeomorphism f in a dense G s subset o/Diff x (M) 
and for any 5 > 0, there exists e > such that for any e -pseudo- orbit segment 
}, one can find an orbit segment O = {x, f(x), . .. , f m (x)} which 
is 5-close to X for the Hausdorff distance. 

Moreover if X is a periodic pseudo-orbit (i.e. z n — zq), then the point x can 
be chosen m-periodic. In particular chain-transitive sets are Hausdorff limit of 
periodic orbits. 

Dominated splitting far from homoclinic tangencies. The existence of dom- 
inated splitting far from homoclinic tangencies was obtained in |PuS| in the two 
dimensional setting and by |Wi| in the general case. The basic idea is that periodic 
orbits may have at most one Lyapunov exponent close to zero. 

Theorem 2.7. |WTJ [W^ Let f G Diff 1 (M) \HT and let i G {1, . . .,dimM - 1}. 

Then, the tangent bundle above the set of hyperbolic periodic points with index i has 
a dominated splitting E © F such that dim(_B) = i.bb 

Moreover, there exist 5, C > 0, a G (0, 1) and an integer N > 1 such that 
if O is a hyperbolic periodic orbit of period r and denoting by E © E° © F the 
splitting over TqM into the characteristic spaces whose Lyapunov exponents belong 
to (— oo, 5], (— 5, 5), [5, oo), then 

- E c has at most dimension one, 

- the splitting is N -dominated, 

- for any point x G O we have 

[t/N]-1 [t/N]-1 

(1) II \\Df\E{f kN {x))\\<Ca\ J] \\Df^(f- kN (x))\\<Ca\ 

k=0 k=0 

The last result induces dominated splitting over homoclinic classes. 

Corollary 2.8. For any f in a dense Gs subset o/Diff 1 (Af) \ HT there exists S 
such that any homoclinic class H(0) satisfies the following. 
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If has no Lyapunov exponent in (—5,6), then, H(0) has a dominated splitting 
E © F where dxm(E) coincides with the stable index of O. 

If O has a Lyapunov exponent in (—6,6), then, H(0) has a dominated splitting 
E © E c © F where E c is one dimensional and the Lyapunov exponent of O along 
E c belongs to (—6,6). 

Proof. The set of hyperbolic periodic points with Lyapunov exponents close to 
those of O are dense in H(0) by [BCDG, Lemma 4.1]. By the above Theorem the 
result follows. □ 

The following is a consequence from Theorem 12.71 and Liao's selecting lemma. 
The proof is exactly the same as in IC3I , Theorem 1] , the statement we give now is 
more local. 

Theorem 2.9. (C^ Theorem 1] Let f e BiS 1 (M) \HT and let Kq be an invariant 
compact set having dominated splitting E © F. If E is not uniformly contracted, 
then for any neighborhood U of Kq one of following occurs: 

(1) Kq intersects a local homoclinic class H(0, U) associated to aperiodic orbit 
O whose stable index is strictly less than dim(_B). 

(2) Kq intersects local homoclinic classes H(O n ,U) associated to a periodic 
orbit O n whose stable index is equal to dim(-E) and which contains weak 
periodic orbits: for any 5 > there exists a sequence of hyperbolic periodic 
orbits O n that are homoclinically related together in U , that converge for 
the Hausdorff topology toward a compact subset K of Kq, whose stable index 
are equal to dmiE and whose maximal exponent along E belongs to (—6, 0). 

(3) There exists an invariant compact set K C Kq which has partially hyperbolic 
structure E S ®E C ®E U . Moreover, dimi5 s < d\mE the central bundle E c is 
one dimensional and any invariant measure supported on K has a Lyapunov 
exponent along E c equal to 0. 

Theorems 12.71 and 12.41 allow to extend the dominated splitting over a chain- 
transitive set to larger sets. 

Proposition 2.10. |C3[ Proposition 1.10] Let f be a diffeomorphism in a dense 
Gs set Qsxt C Diff 1 (M) \HT and let K be chain-transitive set which has a partially 
hyperbolic splitting E s © E° © E u such that E c is one- dimensional and such that 
any invariant measure supported on K has a Lyapunov exponent along E c equal 
to 0. Then, for any chain-transitive set A that strictly contains K there exists a 
chain-transitive set A' a A that strictly contains K and there exists a dominated 
decomposition E\ © E c © E 3 on A' that extends the partially hyperbolic structure 
of K . Moreover, the set A' is the Hausdorff limit of periodic orbits of stable index 
dim(E s ) whose Lyapunov exponent along E c is arbitrarily close to zero. 

Indices of a homoclinic class. We now state a result from ABCDW, corollaries 
2 and 3]: 

Theorem 2.11. [ABCDW, corollaries 2 and 3] Let f be a diffeomorphism in a 
dense Gs subset o/Diff (A/)\HT and let H be a homoclinic class having hyperbolic 
saddles of stable indices a and f3 with a < f3. Then: 

(1) H contains periodic points of stable index j for every a < j < /3. 

(2) For every j 6 {a + 1, . . . , j3} there exist periodic orbits in H of stable index 
j — 1 and j whose j -Lyapunov exponent is arbitrarily close to 0. 
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Remark 2.1. The last theorem is also valid for local homoclinic classes (with the 
same proof): if H = H(j>, U) is a local homoclinic class containing hyperbolic peri- 
odic points of indices a < (3, then for any neighborhood V of U, the local homoclinic 
class H(p, V) contains hyperbolic periodic points of any index i € {a, . . . , /?}. 

Heterodimensional cycles. Robust heterodimensional cycle can be obtained from 
periodic points with different indices contained in a same chain-recurrence class. 

Theorem 2.12. BDK For any diffeomorphism f in a dense G$ subset o/Diff 1 (M), 
if H(p) is a homoclinic class containing hyperbolic periodic points of different in- 
dices, then H(p) contains a robust heterodimensional cycle. 

2.3. Dominated splitting, hyperbolic times. Let us consider in this section an 
invariant set A with a dominated splitting T^M — E F. 

Extension to the closure. The following property is classical. 

Lemma 2.13. An N -dominated splitting T\M = E © F over an invariant set A 
extends uniquely on the closure of A as an invariant N -dominated splitting. 

Adapted norm. Using |Gi| , one can replace the Riemannian norm by another one 
which is adapted to the domination: for this norm, there exists A € (0,1) such that 
for any point x £ A and any unitary vectors, v E 6 E x and v F £ F x we have 

HAf.^H < M\Df.v F \\. 

Generalization to forward invariant sets. Consider a small neighborhood U + 
of A and consider the set A + of points whose forward orbit by / is contained in 
U + . The bundle BonA extends uniquely as a forward invariant continuous bundle 
that is tangent to a center-stable cone. This is also defined in the following way: 
for any x e A + and any vectors u € E x \ {0} and v € T X M \E X , we have 

limsup — log I ID/™ (a;) .till < liminf - log \\Df n (x).v\\. 

n->oo n n^>ca n 

Hyperbolic points. Let A be an invariant compact set and E be a continuous 
invariant bundle over A. For any C > and a G (0, 1), we say that a point x G A 
is (C, <7, E) -hyperbolic for f if for any n€N, one has 

n-l 

l[\\Df\ Emx)) \\<Ca n . 

i=Q 

For any x £ A, if f n (x) is (C, a, _E)-hyperbolic for /, then n is called a (C,a,E)- 
hyperbolic time of x for /. 

Note that the definition of (C, er, _E)-hyperbolic points extend to the set A + 
introduced above. One defines similarly the (C, a, £ , )-hyperbolic times for f~ l . 
When there is no ambiguity between / and we just say that a point is a 

(C, cr, £)-hyperbolic time. 

The next lemma gives the existence of (1, a, -E)-hyperbolic points. 
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Lemma 2.14. Let A be an invariant set, E be a continuous invariant bundle on 
A and consider a G (0, 1). Then for any x G A with the property 




there is a (1, cr, E) -hyperbolic point y for f in the forward orbit of x. 

Proof. Let <p; A — > K be the function denned by <p(x) — log \\Df\E(x)\\ — log(<r) 

so that limsup n ^ +00 ± ^"o < 0. If i ¥>(/*(*)) < for aU n > 1 

then x is (1, cr, i?)-hyperbolic. Otherwise, there exists n > 1 such that 

• i ^=o ¥>(/*(*)) < for all n > n . 
This will imply that y = f n °(x) is (1, cr, £')-hyperbolic. Indeed for any n > 1, 

-, n-l /n+no— 1 no-1 \ 

-E^(y)) = n E !>(/*(*)) ■ 

i=0 \ i=0 i=0 ) 

By the above equalities, the first sum of the right hand is less than and the second 
is not less than 0. So the difference is negative and y is (1, cr, £')-hyperbolic. □ 

We are interested by finding (C, cr, _E)-hyperbolic points for / and (C, cr, F)- 
hyperbolic points for / _1 that are close. 

Lemma 2.15. Consider a set A and a constant A G (0, 1) as above. Consider also 
o,p G (0, 1) such that A < pa and a sequence (yk) in A such that one of the two 
following conditions hold: 




Then, one of the following properties hold: 

There exists C > 0, such that infinitely many points y^ are (C,a,F)- 
hyperbolic for f . 

- For each k > 0, there exists a backward iterate Zk of yk which is (l,o~,F)- 
hyperbolic for / _1 and any accumulation point of (zk) is (1, p, E)-hyperbolic 
for f. 

Proof. Note that under the first condition, the domination between E and F gives 
for each k, 

n— 1 

limsupE - lo %W D f~ l \F{f-*{ yk ))\\ < lo g( A ) +log(p~ 1 ) <logcr, 

1=0 

so that the second condition holds. Thus, by Lemma [2.141 one can get a (1, cr, F)- 
hyperbolic point f~ lk {yk) for / _1 in the backward orbit of yk- We call Zk the last 
one (corresponding to the smallest tk > 0). By taking a subsequence if necessary, 
there are two cases: 

(1) There is G N such that 4 < A^. 

(2) limfe^oo 4 = oo. 
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For case (1), we take 

C = xeA max^ o |ni|D/-| F(/ - i(x)) ||}. 
It is clear that any is (C, a, i ? )-hyperbolic and the first case of the lemma occurs. 

For case (2), we claim that for each k and for any m £ [0, £k] H N, one has 

m 

l[\\Df-'\ FmZk)) \\>a m . 

i=l 

This is proved by induction (the case m = being clear). Assume that it holds up 
to some integer m £ [0, 4 - 1] H N and that it is not satisfied for m + 1. For each 
< n < m we have 

m+i 

II \\ D r 1 \ Fi f>(f-^y k )))\\<- m+1 - n - 

This and the fact that f~ tk {yk) is (1, <r, F)-hyperbolic show that f m+1 ~ ik (yk) is 
also (1, cr, ^-hyperbolic and this contradicts the maximality of —Ik- Hence the 
claim holds. 

Any limit point z of the sequence (zk) thus satisfies for each m > 0, 

m 

U\\Df-i\ FmZh)) \\>v m 
i=i 

The domination between E and F thus implies 

m— 1 

n iiA/i £( /.(, fe ))ii<^ mAm <p m - 

The point z is thus (1, p, _E)-hyperbolic. □ 

Local manifolds. A (locally invariant) plaque family tangent to E is a continuous 
map T> from the linear bundle E over A into M satisfying: 

- For each x £ A the induced map V x : E x M is a C 1 embedding that is 
tangent to E x at the point T> x (0) = x. 

- The family (T> x ) xe A of C 1 -embedding is continuous. 

- The plaque family is locally forward invariant, i.e., there exists a neigh- 
borhood U of the section in E such that for each x £ A, the image of 
V X (E X n U) by / is contained in V f (x) {E f (x) ) . 

This definition extends to locally forward invariant plaque families tangent to E 
over the set A + . In a symmetric way, one can consider plaque families tangent to 
F over the set A - , that are locally backward invariant. 

Plaque families tangent to E over an invariant set A always exist from [HPS , 
but the same proof gives locally forward invariant plaque families over the set A + . 

The following lemma ensures the existence of local stable manifold at (C, a, E)- 
hyperbolic points. The proof is classical (see for instance (ABC! section 8.2]). 
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Lemma 2.16. Let T> be a locally forward invariant plaque family tangent to E 
over A + . Then, for any constants C > 0, a < p < 1, there exists C',r > such 
that for any (C, a, E) -hyperbolic point x G A + , the ball B E {x, r) in T> x is contracted 
by forward iterations. More precisely, for each r' G (0, r) and n > 0, the image 
f n (B E \x,r')) is contained in Dfnt x \ and has diameter smaller than C p n r' . 

The stable and unstable manifolds of i?-hyperbolic and F-hyperbolic points that 
are close intersect: 

Lemma 2.17. Let us consider plaque families T> E ,D F tangent to E,F over the 
sets A + , A~ respectively. For any C > and a G (0, 1), there exists r > such that 
if y G A~ is (C, er, F) -hyperbolic for / _1 and x G A + is (C, er, E) -hyperbolic for f 
and if the distance between x,y is smaller than r, then, the local stable manifold at 
x and the local unstable manifold at y intersect. 

Proof. For points x € A + and y G A~ that are close, the plaques T> E and D F 
intersect at a point z close to x,y. By the previous lemma, this point belongs to 
the local stable manifold at x and the local unstable manifold at y. □ 

In the case the set A has a splitting T\M = E' E c ® F , the following result 
allows to get intersections between stable manifolds tangent to E' and unstable 
manifolds tangent to F . The argument is the same as in the proof of Theorem 13 
in [BGWj and Proposition 3.7 in [C^. 

Lemma 2.18. Let us assume that A has a dominated splitting T\M = E © F = 
(E' E c ) ® F where E c is one- dimensional and consider plaque families T> E , D F 
tangent to E' , F over the sets A + , A~ respectively. Assume also that A + contains 
a curve L tangent to E and transverse to E' . For any interior point x of I there 
exists r > with the following property. 

For any y G A~ that is r-close to x, the plaque T> F intersects the plaque D E for 
some point x' G /. In particular for any C > and a G (0, 1), if r is small enough, 
the Lemma \2.16\ implies that if the point y is (C, ct, F) -hyperbolic for / _1 and if the 
points of I are (C, er, E') -hyperbolic for f, then the local unstable manifold of y and 
the local stable manifold of x' intersect. 

Remark 2.2. Under the setting of the previous lemma and in the case E' = E s is 
uniformly contracted, we note that any point in / is (C, cr, i?')-hyperbolic for /. 

A weak shadowing lemma for measures. We now state a result regarding 
hyperbolic measures whose Oseledets splitting is dominated. The argument is clas- 
sical, see |C3[ Proposition 1.4]. The version we state now is local but the proof is 
the same. 

Proposition 2.19. Let f be a C 1 diffeomorphism and p be an ergodic measure 
which has no zero Lyapunov exponent and whose Oseledets splitting E s © E u is 
dominated. Then p is supported on a homoclinic class. Indeed, for any neighborhood 
U of the support of (i, there is a sequence of hyperbolic periodic orbits O n whose 
index is equal to dim(E s ) that are homoclinically related together in U and converge 
toward the support of /i in the Hausdorff topology. 
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3. Theorem 11.21 implies Theorem 11.11 

In this section we prove Theorem 11.11 assuming that Theorem 11.21 holds. The 
proof will be based on several results stated in the previous Section [5J 

Lemma 3.1. Let f be a diffeomorphism which belongs to a dense Gs subset of 
Diff 1 (i\/) \ HT and let C be a chain- recurrent class of f . If 

- C has a dominated splitting TqM = E © F ', 

- C is the Hausdorff limit of periodic orbits of index dim E, 

- C does not contains any periodic point whose index is less than dim_E, 

- E is not uniformly contracted, 

then, there exists a dominated splitting TqM — E' © E° © F' where dim_E c = 1 and 
dim(E') < dim(E) and C is the Hausdorff limit of periodic orbit of index dim(£"). 

Proof. Since E is not uniformly contracted, Theorem 12.91 applies. By our assump- 
tions, the first case in the conclusion does not occur. 

If the second case of Theorem 12.91 occurs, then by Corollary 12.51 for any 6 > 
small, C is the homoclinic class of a periodic orbit whose maximal Lyapunov 
exponent along E belongs to (—5,0). Then, C is the Hausdorff limit of periodic 
orbits of index dim(E) — 1 and by Corollary |2.8l the class has a dominated splitting 
T C M = E' ®E C © F, as required. 

We thus assume that C contains a minimal set K with a partially hyperbolic 
splitting T K M = E S ®E C ®E U satisfying the third case of Theorem^!! We can take 
such K with least dim_E s : for any other minimal set K' C C having a dominated 
splitting Tk'M = F s © F c © F u and such that any invariant probability measure 
supported on K' has a zero Lyapunov exponent along F c , we have dim(£' s ) < 
dim(F s ). 

Consider the following family J- of compact invariant chain-transitive subsets of 
C, say A, such that: 

- A contains K. 

- T A M = E' ®E C ®F' dominated with dimE' = dim^ and dim(E c ) = 1. 

- A is the Hausdorff limit of periodic orbits O with Lyapunov exponent along 
E c is arbitrarily weak (i.e., for any 6 > there exists a sequence O n of 
periodic orbits converging in the Hausdorff topology to A such that the 
Lyapunov exponent along E c belongs to (—6,6).) 

Notice that the last condition make sense since every periodic orbit near A has a 
splitting E © E c © F. Note also that K belongs to T by Theorem d^J Order the 
family T by inclusion, that is Ai < A2 if Ai C A2. We will apply Zorn's Lemma 
to get a maximal set within T . Let {A a : a G T} be a totally ordered chain and 
consider 

Aoo = (J A Q . 

It follows that Aqo is the Hausdorff limit of periodic orbits whose (dim£" + l) th 
Lyapunov exponent is arbitrarily weak. Thus, by Theorem 12.71 the splitting along 
these periodic orbits extends to the closure and so A m has a dominated splitting 
E' © E c © F' . Thus, Aqo is an upper bound set of {A Q : a e V}. Now, applying 
Zorn's Lemma we get that there exists a maximal set A £ J with respect to the 
order. 
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In the case A = C we obtain immediately the conclusion of the lemma. We thus 
assume that A^C. With the maximality of A, Proposition 12.101 implies that there 
exists a measure supported on A whose Lyapunov exponent along E c is not zero. 
Note also that the bundle E' is uniformly contracted since otherwise Theorem 12.91 
would contradict the minimality of dim(E') = dim(_B s ) for K. Theorem 11.21 can 
thus be applied. 

By our assumptions, the first property of Theorem 11.21 does not happen. The 
second property holds and implies that C is the Hausdorff limit of periodic orbits 
whose (dim(£") + l) th Lyapunov exponent is arbitrarily close to zero. By Theo- 
rem [2J] and Lemma 12.131 the splitting T A M = E' © E c © F' on A extends as a 
dominated splitting on C. By Lemma l2.ll C is the Hausdorff limit of periodic orbit 
of index dim(E'), ending the proof. □ 

Let C be a chain-recurrent class of /. Assume first that C is aperiodic. By 
Theorem 12.61 it is the Hausdorff limit of a sequence of periodic orbits. By Theo- 
rem 12.71 we get a dominated splitting TqM = E © F such that dim(E) coincide 
with the index of the periodic orbits. Since C is aperiodic, it is not a hyperbolic set, 
hence either E is not uniformly contracted or F is not uniformly expanded. We 
will assume for instance that the first case holds. One can hence apply Lemma 13. II 
above. This gives another dominated splitting TqM = E' © E c © F' such that C 
is the Hausdorff limit of periodic orbits of index dha(E') < dim(E). If E' is not 
uniformly contracted, the lemma applies again. Applying inductively the lemma, 
one can thus assume that A has a splitting TqM = E s © E c © E cu where E s is uni- 
formly contracted and E c has dimension 1 and is not uniformly contracted. Since 
C is aperiodic, the conclusion of Theorem [L^] does not occur. Consequently, for any 
invariant probability measure supported on C, the Lyapunov exponent along E c is 
equal to zero. With the domination, this implies that E cu is uniformly expanded, 
as in Theorem ll.il 

We assume now that C is a homoclinic class H(p). By Theorems 12.111 and 12. 7| 
there exists a dominated splitting 

T H[p) M = F cs © Ff © • • • © F c s © F cu 

such that each bundle Ff is one-dimensional, dim(_F cs ) is equal to the minimal 
index of periodic orbits of H(jp) and dim(M) — dim(F cu ) is equal to the maximal 
index of periodic orbits of H(p). Moreover for each i, there exist periodic orbits in 
H(p) whose Lyapunov exponent along F? is arbitrarily close to zero. 

If the bundle F cs is not uniformly contracted, then the Lemma \3 . 1 1 applies . As 
before, by an induction we get a dominated splitting T H r p ^M = E s © E c © E cu such 
that dim(E s ) < dim(F cs ), the bundle E c is one-dimensional and not uniformly 
contracted and E s is uniformly contracted. Since H(p) contains hyperbolic peri- 
odic points, there exists an invariant measure supported on H{p) whose Lyapunov 
exponent along E c is not zero; hence Theorem 11.21 can be used. The first case of 
the conclusion does not happen since dim(_E s ) is smaller than the minimal index of 
periodic points in H(p). The second case is thus satisfies: we get that the minimal 
index dim(i ;ics ) coincides with dim(£" 5 ) + 1 so that F cs = E s © E c . Moreover there 
exists periodic points whose Lyapunov exponent along E c is arbitrarily close to 
zero. 

The same holds for the bundle F cu , giving the conclusion of Theorem ll.il 
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4. Central models and some consequences 

When dealing with sets having a dominated splitting where one bundle is one 
dimensional, the first author developed a tool, known as "Central Models", that 
proved to be very useful in this context (see IC2I , IC3I ). We will recall the main 
classification result regarding these central models. 

4.f. Definition of central models. Let if be a compact invariant set with a 
dominated splitting of the form Tj^M = E\® E c © E% where E c is one dimensional. 
Consider a locally invariant plaque family T> c tangent to E c . This always exists: 
using a result of [HPS) recalled in Section 12.31 one can consider center-stable and 
center-unstable plaque families V cs , V cu tangent to the bundles E\(BE C and E C (BE^ 
respectively and choose V c such that for each x G K, the image of T> x is contained 
in the intersection of the images of T) c x and 2?™. 

Plaque families tangent to E c is a way to introduce central manifolds for points 
x G K. When such a family T> c is fixed and 77 > small is given, one defines the 
central manifold of size r\ at x G K as 

W°(x)=V x (- v ,r,). 

The above properties of the central plaque family allow to lift the dynamics of / 
as a fibered dynamics / on the bundle E c that is locally defined in a neighborhood 
of the (invariant) zero section of E c . (See IC2I and IC3I for details.) First, one 
notices that the action induced by / on the unitary bundle associated to E c is the 
union of one or two chain-recurrence classes. We denote K one of these classes: 
this can be viewed as a collection of half central plaques of T> c . These half plaques 
can be parameterized, giving a projection map 7r : K x [0, +00) — > M such that 
7r({x} x [0, +00)) C T> x and ir(x, 0) = x for each x G K above a point x G K . Since 
the plaque family T> c is locally invariant, the map / can be lifted as a map / defined 
on a neighborhood of K x {0} which is fiber preserving and locally invertible. The 
set K x [0, +00) endowed with the map / is called a central model of (K, f) for the 
bundle E c . 

Sometimes it is useful to consider central models associated to smaller plaques. 
When 77 > is given we say that the central model is associated to the plaques 
if for each x G K the projection tt({x} x [0, +00)) is contained in W~(x) where 
x = 7r(x, 0). 

Two cases occur when K is chain-transitive: 

- Either the action induced by / on the unitary bundle associated to E c 
has only one chain-recurrence class. Equivalently, there is no continuous 
orientation of E c preserved by the action of Df. In this case K is a two- 
folds covering of K. Moreover if x~,x + G K are the two lifts of x G K, 
then the union ir({x~} x [0, +00)) U ir({x + } x [0, +00)) contains a uniform 
neighborhood of x in T) c x . 

- Or the unitary bundle associated to E c is the union of two chain-recurrence 
classes K~,K + . In this case, K~,K + are copies of K. Considering any 
two central models tt^ 1 : K x [0, +00) — > M, then for any lifts x^ G of 
a point x G K, the union ir({x~} x [0, +00)) U 7r({£ + } x [0, +00)) contains 
a uniform neighborhood of x in V> c x . 
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4.2. Classification of central dynamics. Let us consider a central model / : Kx 
[0, 1] — > K x [0, +oo). We introduce some definitions used to describe its dynamics. 

Definition 4.1. a) When Z is a subset of K, we define the chain-unstable set of Z 
for the dynamics of the central model, W ch ~ u (Z) as the set of points y 6 Z x [0, oo) 
such that for any s > 0, there exists a sequence {xq, . . . , x„} in Z and a sequence 
{y , • • • , Vn} in Z X [0, 1] satisfying: 

- for each k G {0, . . . , n} we have j/fc £ {#/-} x [0, 1], 

- 2/0 = (#0,0) and y„ = y, 

- for each k G {1, . . . , n}, the points yk and f(yk-i) are e-close. 

We define similarly the chain-stable set of Z. Note that we did not assume that Z 
is compact nor invariant. 

b) A point x £ K has a chain-recurrent central segment if there exists a > such 
that {x} x [0, a] is contained in the chain-stable and chain-unstable sets of K x {0}. 

c) We say that the dynamics of / is thin traced if there exists arbitrarily small 
open neighborhoods U of K x {0} such that f(U) C U and for each x £ K the 
intersection U H ({£} x [0, +cxd)) is an interval. 

The next classification results are the basis of this theory. They restate |C2[ 
section 2] and |C3[ proposition 2.2] 

Theorem 4.1. Let (K x [0, +oo),/) be a central model and assume that K is 
chain-transitive. Then, the following properties hold. 

(1) The dynamics of f is not thin trapped if and only if the chain-unstable set 
of K contains a non-trivial interval {y} x [0, a], a > 0. 

(2) The dynamics of f and / _1 are not thin trapped if and only if there is a 
chain- recurrent central segment. 

(3) If the dynamics of f is thin trapped and the dynamics of f^ 1 is not thin 
trapped then there is a neighborhood of K x {0} contained in the chain-stable 
set ofKx {0}. 

Proof. Let us explain the first item: 

In the case the chain- unstable set of K x {0} is reduced to K x {0}, we 
apply |C2[ lemma 2.7] (the e-chain-unstable sets of K x {0} are arbitrarily 
small trapped strips): the dynamics is thin trapped. 

In the case the chain-unstable set of K x {0} contains a point (y, a) with 
a > 0, we note that it also contains the interval {y} x [0, a]. Clearly, the 
dynamics can not be thin trapped. 

The second item is |C2[ proposition 2.5]. For the third item: if the dynamics of 
/ thin trapped and the dynamics of / _1 is not thin trapped, then there is no chain- 
recurrent central segment and by the first item the chain-stable set is of K x {0} is 
not trivial. By IC2I lemma 2.8], this implies that there is a neighborhood of K x {0} 
contained in the chain-stable set of K x {0}. □ 



We now come back to the manifold M and discuss the central dynamics of K. 
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Definition 4.2. a) K has a chain-recurrent central segment if in some central 
model of (K, f), there exists a chain-recurrent central segment. More precisely, we 
say that a point x G K has a chain-recurrent central segment with respect to a 
central model of (K, f) if there exists a chain-recurrent central segment {x} x [0, a], 
a > 0, in this central model where x lifts x. 

b) The central dynamics is thin trapped if there exist one or two central models 
(K x [0, +oo), /) or (K^ x [0, +oo), f ± ) that are thin trapped and such that K or 
(K~ U K + ) contain the whole unitary bundle associated to E c . 

From the classification result, if K is chain-transitive and has no central model 
with non-trivial chain- unstable set, then the central dynamics of K is thin trapped. 
Moreover, this does not depend on the choice of the central models: 

Lemma 4.2. Assume that K is chain-transitive and that its central dynamics is 
thin trapped. Then, for any central model (K x [0, +oo),/) of K, the dynamics is 
thin trapped. 

Proof. This is contained in the proof of lemma 2.5 in |CJ 3 | . □ 

4.3. Dynamics with chain-recurrent central segment. For next result of this 
section we need a preliminary lemma. 

Lemma 4.3. Let f be a diffeomorphism, A be a compact invariant chain-transitive 
set with a dominated splitting E®E C ®F where E c is one dimensional and (W c (x)) 
be a locally invariant plaque family tangent to E € over A. There is 9q > such that 
for any small neighborhood U\ of A, any rj > small, any arc I satisfying: 

- there exists ieA satisfying f k (I) C W°(f k (x)) for all k > 0; 

- I C W ch - S (A,U A ); 

- there exists a sequence of periodic points p n whose orbit 0(p n ) is contained 
in U\, whose central exponent belongs to (—9o, &o) an d such thatp n converge 
to an interior point y of I ; 

then, for some n large enough and any neighborhood ?7 A of U\ we have that 

w%(0( Pn )) nw ch - s (A,u' A ) ^ <ti. 

Proof. Let us assume that the Riemannian norm is adapted to the domination 
(E © E c ) © F and that A € (0, 1) is a constant as in Section [231 

Consider e > small, then if 77 > is small enough, and since all the curves 
f k (I), k > have length smaller than 77 we have for each z E I 

length(7) 

With the domination, this implies that there exist Ce > and <je G (0, 1) such 
that any point z 6 / is (Ce, o~e, -B)-hypcrbolic for /. 

We choose p, of e (0,1) such that A < pof and set 9 = log(p _1 ). We then 
apply the Lemma l2.15l to the sequence (jp n ) and discuss the two cases of conclusion. 

In the first case, taking a subsequence, the points (jp n ) are (Cf,ctf, i 7 ')-hyperbolic 
for f~ x and some constant Cf > 0. We then set C = sup(Ce,Cf) and o = 
sup(cr,E, of, p)- From Lemma |2.18[ for n large there exists an intersection between 
the local unstable manifold of p n in the plaque tangent to F at p n and the local 
stable manifold of some point z n G I close to y in the plaque tangent to E at y n . 
The result follows in this case. 
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In the second case, there exist points q n in the orbit of p n that are (1,ctf, F)- 
hyperbolic for / _1 and which converge to some point z such that: 

- z belongs to the maximal invariant set in U\, 

- z is (1, p, £ c )-hyperbolic for /, 

- z belongs to W ch ~ s (A,U\). 

By Lemma 12.171 for n large the points z and p n are close, hence the local stable 
manifold at z and the local unstable manifold at p n intersect. Since z belongs to 
W ch - S (A,U&), one deduces that p n belongs to W ch ~ s {A, U' A ). □ 

Applying the Lemma |4~51 to / and one gets the following corollary. 

Corollary 4.4. Let f be a diffeomorphism, A be a compact invariant chain-transitive 
set with a dominated splitting E © E c © F where E c is one dimensional and T> be 
a plaque family tangent to E° . 

There is 9q > such that for any small neighborhood U\ of A and any r\ > 
small and considering 

- a chain-recurrent central segment I of K associated to some central model 
and to the plaques Wfj, 

- a sequence (p n ) of periodic points, which converge to an interior point y of 
I, whose orbit is contained in U^, and whose central Lyapunov exponent 
belongs to (—9 ,9q), 

then, for any neighborhood C/ A of U\ and some n large, the point p n belongs to the 
chain-stable and chain-unstable sets W ch ~ s {A,U' A ) and W ch ~ u (A,U' A )- 

4.4. Thin trapped central dynamics. When AT is hyperbolic, it is contained in 
a local homoclinic class. The following result is analogous in the case the central 
dynamics is thin trapped. 

Proposition 4.5. Let f be a diffeomorphism and A be a compact invariant chain- 
transitive set. Assume that: 

- There exists a compact invariant set K C A having a partial hyperbolic 
structure TkM = E s © E c © E u with E c one dimensional. 

- The central dynamics of K is thin trapped. 

There are a neighborhood Ua of A, some locally invariant plaque family T> c 
tangent to E c over K and some plaque T> c x contained in the chain-stable set 
W^ h - s {A)ofAmUK. 

Then, for any neighborhoods C/ A , Uk of U\ and K there exists a periodic point p 
such that: 

- The whole orbit of p is contained in Uk- 

- p is contained both in the local chain-stable and chain-unstable sets of A in 

Proof. Note first that one can assume that any plaque T> c y is contained in the local 
chain-stable set W^~ S (A). Indeed if (zo, ■ ■ ■ , z n ) is a e > pseudo-orbit between 
zq = y and z n = x with e > small enough, then, since the plaque family T> is 
trapped, f(V Zk ) is contained in a small neighborhood of T> Zk+1 for each k. This 
implies that any point of T> v can be joint to T> x by pseudo-orbit. 

Note also that we can always replace A" by a minimal subset, so that one can 
assume that K is chain-transitive. Let U be a small neighborhood of AT, so that the 
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partially hyperbolic structure E s © E° © E u on K extends to the maximal invariant 
set in U. This allows to introduce some locally invariant plaque families (W cs (x)) 
and (W c (x)) tangent to E s © E c and E c over this maximal invariant set. We may 
assume that W c (x) C W cs (x) for each x. 

By assumption and Lemma |L2j for any central model (K x [0, +00), /) over K 
associated to the plaque family (W c (x)), the dynamics is thin trapped. We claim 
that there exists a continuous map 6: K — y (0, +00) such that for each x £ K, we 
have 

(2) /({*} x [0, S(x)}) C {/(*)} x [0, 5(f (£)))■ 

Indeed, since the dynamics is thin trapped, there exists an open neighborhood V 
of K x {0} in the central model such that f(V) C V. Let S be the union of 
intervals {x} x [0, a] contained in V. Since V is open, this is an open set of the form 
{{£} x [0, a(x))}, where a: K — > (0, +00) is lower semi-continuous. The image of S 
by / is contained in U. Since it is a union of segments {x} x [0,a], it is contained 
in S. One deduces that f(S) is a compact set of the form {{x} x [0, 6(x)]}, where 
b: K — > (0, +00) is upper semi-continuous. Hence, there exists continuous map 
5: K — > (0, +00) such that b(x) < S(x) < a(x) at every point (such a map exists 
locally and can be obtained globally by a partition of the unity). The claim follows. 

The property ([2]) above shows that one can reduce the plaques W c (x) so that 
for each x £ K we have 

f{WHx)) C W c (f(x)). 

Note that this property extends to any point in the maximal invariant set in a small 
neighborhood U' of K. We will use the following properties. 

(1) By |C2[ Lemma 3.11], there exists e > 0, such that for any periodic orbit 
O C U', any point in the e- neighbor hood of W c (q) inside the plaque W cs (q) 
for q G O, belongs to a periodic point p £ W c (q). Having chosen U' and 
the plaques W c {x) small enough, such a periodic point p is arbitrarily close 
to some point z G K. 

(2) Since the central dynamics of K is thin trapped, for any z G K, any point 
inside the plaque T> c z belongs to K + . When p is close enough to z £ K one 
can apply Lemma 12.181 and Remark 12.21 the strong unstable manifold of p 
meets the strong stable manifold of a point z' £ T> c z close to z. Since by 
assumption z' belongs to the chain-stable set of A inside Ua, the periodic 
point p belongs to the chain-stable set of A inside U' A . 

By |C3[ Lemma 2.9] any partially hyperbolic set K whose central bundle is one- 
dimensional and thin trapped satisfies the shadowing lemma: for any S > 0, there 
exists e > such that any e-pseudo-orbit in K is <5-shadowed by an orbit in M. 
This implies that there exists a periodic orbit O contained in an arbitrarily small 
neighborhood of K. In particular, there exists y £ K such that the local strong 
unstable manifold of y meets the e- neighborhood of W c (q) inside the plaque W cs (q) 
for some q £ O. By the first property above, this implies that there is a periodic 
point p £ W c (q) which belongs to the local chain- unstable set of A. By the second 
property, p belongs to the local chain-stable set of A inside U A , as required. 

Note that when the bundle E 8 (or E u ) is trivial the local strong stable (or 
unstable) manifold of any point x is reduced to x but the proof is unchanged. □ 
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Remark 4.3. We can have the following stronger statement, which does not sup- 
pose the uniform expansion along E u . 

Let A be a compact invariant chain-transitive set. Assume that: 

There is a compact invariant set K C A and a dominated splitting TkM = 
E s ffi E c © F with E c one dimensional and E s uniformly contracted. 

- The central dynamics of K is thin trapped. 

There exists a (C, a, F) -hyperbolic point for / _1 in K, for some constants 
C,a. 

- There are a neighborhood Ua of A, some locally invariant plague family T> c 
tangent to E c over K and some plaque T> c x contained in the chain-stable set 
<- s (A) /AmC/ A . 

Then, for any neighborhoods U' a ,Uk of Ua and K there exists a periodic point p 
such that: 

- The whole orbit of p is contained in Uk- 

- p is contained both in the local chain-stable and chain-unstable sets of A in 

We will use this result only in the alternative proof of Proposition 18.21 at sec- 
tion For this reason, we only sketch the proof. Let us assume that the Rie- 
mannian norm is adapted to the domination (E s ®E C ) ©F and consider A G (0, 1) 
a constant as in Section 12.31 As in the proof of Proposition 14.51 any plaque of the 
family V c is contained in W^ S (A). 

If K supports an ergodic measure which is hyperbolic (i.e. all its Lyapunov 
exponents are non-zero), then the conclusion follows. Indeed, by Proposition 12.191 
there exists a sequence of hyperbolic periodic orbits that converges towards a subset 
of K and that are homoclinically related together in a small neighborhood of K . 

If E c is uniformly contracted, since there exists a (C, a, -F)-hyperbolic point for 
/ , there exists an ergodic measure ^jLq such that the integral of the function 
log H-D/i^il is smaller than a. Such a measure is hyperbolic and we are done. 

If K supports an ergodic measure [i whose central Lyapunov exponent is non- 
zero and larger than log A, then by the domination, all the exponents of /j, along F 
are positive, the measure is hyperbolic and we are done also. 

If for some invariant compact set K' C K, any invariant probability measure 
on K' has a central Lyapunov exponent equal to zero, then Proposition 14. 51 can be 
applied and the conclusion follows. One deduces that E c is not uniformly contracted 
on K and for any invariant compact set K' C K, there exists a measure whose 
central Lyapunov exponent is smaller than log A. 

Liao's selecting argument thus applies (see |W2[ lemma 3.8]): again, there exists 
a sequence of hyperbolic periodic orbits that converges towards a subset of K and 
that are homoclinically related together in a small neighborhood of K , concluding 
the proof. 

5. Proof of Theorem 11.21 

In this section we reduce the proof of Theorem ll.2l to some technical propositions 
that will be proved in other sections. Let A be as in the hypothesis of it with 
a dominated splitting E s © E c © F with E c one dimensional and E s uniformly 
contracted. We consider a small neighborhood Uq of A, a small constant 9 and we 
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have to show that the Theorem 11.21 is satisfied by Uo and 9. We also fix a locally 
invariant family of central plaques V c over the set A. All the central manifolds 
W^{x) and all central models that we will consider are taken from this plaque 
family. 

5.1. Generic assumption. Consider U, V open sets of M and 9 > 0. We define 
0(U, V, 6) as the set of diffeomorphisms of M having a hyperbolic periodic orbit 
O contained in U which meets V and whose (dim(E s ) + l) th Lyapunov exponent 
belongs to (—6, 9). 

Let Bq be a countable basis of open sets of M and B the open sets of M that 
are finite union of elements of Bq. It has the following properties: it is countable 
and for each compact set K C M and each open set V C M containing K, there 
exists U e B such that K C U C V. 

We then define the dense Gs set: 



The dense G& subset of Diff^M) given by Theorem 11.21 is the set of diffeomor- 
phisms whose periodic orbits are hyperbolic and that belong to the intersection 
of the dense Gs sets given by Theorem 12.61 Corollary 12.51 Corollary 14.41 and of Q 
defined above. 

5.2. Measures supported on A. For an ergodic measure fi supported on A we 
denote by L c (n) the Lyapunov exponent of \i along E c . Note that this also defines 
the Lyapunov exponent L c (0) along E c of a periodic orbit O C Uq. 

We know that there exists an ergodic measure \x such that £ c (/i) ^ 0. If this 
happen to be positive, i.e., L c (p) > then by the domination on F and since E s 
is uniformly contracted we have that fi is a hyperbolic measure whose Oseledets 
splitting E^ © E£ coincides a.e. with E s (E c © F). Now, Proposition 12.191 yields 
the first option of Theorem 11.21 

Thus, assume from now on that for any ergodic measure fj, in A we have that 
L c (/J.) < 0. The next lemma says that if there are ergodic measures with negative 
central Lyapunov exponent arbitrarily close to zero we can conclude. 

Lemma 5.1. Assume that for every e > there exists an ergodic measure fi in A 
such that L c (/i) G (— e, 0). Then, the second option of Theorem ] holds. 

Proof. Let /i be an ergodic measure supported on A with L c {n) s (— e, 0). By the 
domination between E and F, if e is sufficiently small, we have that any Lyapunov 
exponent of fi along F is positive. On the other hand, since E s is uniformly con- 
tracted we have that any Lyapunov exponent of fi along E s is negative. Therefore, 
fi is a hyperbolic measure whose Oseledets splitting © E^ coincides a.e. with 
(E s © E c ) © F. Proposition 12.191 yields now the second option of Theorem II .21 □ 

Continuing with the proof we have to handle the following situation that we shall 
assume from now on: 

(*) There exists £q such that any ergodic measure jj, in A satisfies 



Q 
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5.3. 0-CLE sets K. A zero central Lyapunov exponent set (or shortly a 0-CLE 
set) is a compact invariant chain-transitive set K C A such that L c (p) = for any 
ergodic measure supported on K. 

The Theorem 12.91 restates as: 

Lemma 5.2. Assume that (*) holds. Then one of the following hold: 

(1) The first or the second option of Theorem ] 1.2\ is true. 

(2) There exists a 0-CLE set K C A. 

Proof. Let us apply Theorem to the dominated splitting E®F — (E S ®E C )®F 
on A. The two first cases of Theorem [2jJ] give the two options of Theorem II .21 The 
third case gives a 0-CLE set K c A. □ 

Therefore, in order to prove our theorem, by the above lemma we will restrict 
ourselves to the following case: 

(**) There exists a 0-CLE set K C A. 

5.4. The set X of hyperbolic points. As explained in Section 12. 31 one can 

change the Riemannian norm and assume that there exists A G (0,1) such that for 
any point x £ A and any unitary vectors, v cs G E* © E x and v F G i*^ we have 

\\Df.v cs \\ < X\\Df.v F \\. 

We introduce e G (0, cq) where eo is defined by (*) and we assume that e _e > A 1 / 2 . 
Let us define the set X of points that are (1, e~ c , £' c )-hyperbolic for /, that is: 

X = {x G A : llAf/Vc II < e" ne V n > 0}. 

Notice that X is compact. The next lemma and (*) show that it is non-empty. 

Lemma 5.3. For any invariant ergodic measure \i such that L c (/j) < the sets X 
and supp(/i) intersect. 

Proof. The continuous function ip: supp(^) — > M defined by (f(x) = log ||£)/|£;e(a;)|| 
satisfies L c (/j,) = J ipdfi and by (*) it holds L c (/i) < — e. By Birkhoff's theorem and 
Lemma T2.141 the orbit of a.e. point x meets X. □ 

In particular any compact invariant chain-transitive set K C A that is disjoint 
from A is a 0-CLE set. 

5.5. The chain-unstable case. We will now consider two cases depending if there 
exist a 0-CLE set K and a point y G A with a(y) C K such that the chain- unstable 
set W ch ~ u (K UOrb - (y)) contains a non-trivial segment {y} x [0, a], a > 0, in some 
central model. When such K and y exist we apply the following proposition that 
will be proved in Section [6l 

Proposition 5.4. Assume that there is a 0-CLE set K C A and y G A smc/i iftai 
a(y) C AT and for some central model W ch ~ u (K U Orb _ (y)) contains a non trivial 
segment {y} x [0,a], a > 0, where y is a lift of y in the central model. 

Then for any 9 > and any neighborhood U\ of A, there is r\ > such that: 

• considering the dynamics in a central model associated to the plaques W£, 
there is x G A having a chain-recurrent central segment I ; 

• for any z G Int(7) and for any neighborhood V z of z, there is a periodic 
point p G V z such that 

- Orb(p) C U A . 
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- L c (p) e (-9,9). 

One can thus apply the Corollary 14.41 This shows that the second case of The- 
orem [L2] holds. 

5.6. The thin trapped case. We now consider the other case, i.e. the assumption 
of Proposition f5T4l does not hold. We apply the following lemma in order to select 
such a 0-CLE set. This will be proved in Section [7J 

Lemma 5.5. There exist some constants C > 0, a G (0,1), a sequence of 0-CLE 
sets (K n ) and a sequence of points (z n ) in A such that: 

(i) for each n, the a-limit set of z n is K n , 

(ii) the sequence (z n ) converges toward a point of X , 

(hi) for each n, the point z n is a (C, a, F) -hyperbolic for f . 

The points of X have a uniform stable manifold tangent to the bundle E s © E c 
and the points y n of the previous lemma have a uniform unstable manifold tangent 
to F. As a consequence for n large enough, the unstable manifold of y n meets the 
stable manifold of X. So, the sets K n for n large will be shown in Section [7j to 
satisfy the following statement. 

Proposition 5.6. Assume that for any 0-CLE set Kq and any point y S A such 
that a(y) C Kq we have for any central model and any lift y of y, 

W ch - u (K UOYb-(y)) n ({y}x[0,+oo))={(y,0)}. 

Then, for any neighborhood Ua of A, there exists a 0-CLE set K C A and 
7] > such that the plaques W£(x) for x £ K are contained in the chain-stable set 
W< h A - s (X) of A inU A . 

Let K be the set provided by the Proposition 15.61 If one considers a central 
model (K x [0,+oo),/) associated to (K,f), the chain-unstable set of K x {0} 
does not contain a non-trivial interval {y} x [0, a], a > by our assumptions. The 
classification Theorem I4.1f l) implies that (K x [0, +oo),/) is thin trapped. This 
proves that the central dynamics of K is thin trapped. 

The assumptions of Proposition 14.51 are now satisfied by the set K: there exists 
a periodic orbit contained in an arbitrarily small neighborhood of K and both in 
the local chain-stable and chain-unstable sets of A inside a small neighborhood U A 
of A. Since K is a 0-CLE set, the central exponents of p are contained in (—9,9). 
By Corollary 12.51 the local homoclinic class H(p,Uq) contains A. This shows that 
the second case of Theorem 11.21 holds for Uq and 9. 

6. The chain-unstable case: proof of Proposition 15.41 

Let us fix 9 > and a small neighborhood U\ of A. By assumption, there exists 
a central model (f,A), a point y £ A and an invariant compact set K C A such 
that: 

- K contains a(y) and projects by tt: A x [0, +oo) — > M as a 0-CLE set 
K C A of /. 

- The chain- unstable set of y is non-trivial: W ch ~ u (K U Orb~(y)) \ {y} ^ 0. 
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Choice of n. Let us choose r\ > small. One can always reduce the central model 
to a neighborhood of A x {0} such that it becomes a central model associated to 
the plaques W£. By a conjugacy of the form (x,t) n- (x,a.t), one can "normalize" 
the central model so that / is defined from A x [0, 1] to A x [0, +oo). 

Consider X the set of points of A whose projection by 7r belongs to X. There 
exists k such that for each x G X we have: 

- f k {W*{x)) C W*(f k (x)) for each k > 0, 

- Wfi(x) is contained in the stable set of x. 

This implies the existence of a > such that for any x £ X one has 

" f k ({x} x [0,a]) C {.f k {x)} x [0, 1] for each k > 0, 

- the length of f k ({x} x [0,a]) goes to as fc -> +oo. 

Since the chain-unstable set of y is non-trivial, one can reduce a > so that one 
has 

W ch - U (K U Orb' (y)) D {y} x [0,a]. 

Choosing ?y small, one can also require that the ^-neighborhood of A is contained 
in Ua and for any x G A and z G VF^(x) we have 

logp/i^Oc)!! -Iog||D/|r, W c (x) («)|| < 0/4. 



The point x and the segment /. We apply the following lemma. 

Lemma 6.1. There exists a sequence (x n ) in A such that for each n we have: 

- a(x n ) projects by it on a 0-CLE set, 

- the set {x n } x [0, a] is contained in the chain-unstable set of A x {0} ; 

- the set {x n } x [0, a] is contained in the 1/n-chain-stable set of A x {0}. 

In particular for each k > 0, we have 

r fc ({i„}x[o,i])c{.r fe (x„)}x[o,i]. 

Proof. Let us fix n > 1. Let U n be the 1/n- neighbor hood of X. For any I > 1, 
consider a 1 / i?-pseudo-orbit Ot = {po , . . . , p ne } from y to a point ze of the closure U n 
such that Of \ {zi} does not intersect the interior of U n . One can define continuous 
maps s h-> tfe(s) for each < k < ng such that t (s) = s and for each s > small, 
the sequence (pk,tk(s)) is a 1/^-pseudo-orbit between (po,s) and (p n4 ,£ n(! (s)). 

When s increases some tk(s) becomes equal to a. We denote x n ,g := p^. By 
construction {x n ,e} x [0,a] is in 1/^-chain- unstable set of {y} x [0, s], hence of 
A x {0}. It is also in the l/£-chain-stable set of {zg} x [0, a]. Since zg is 1/n-close 
to X, the set {x n ,e} x [0, a] is in the 1/n-chain-stable set of X x [0, a], hence of 
A x {0}. 

Let x n be a limit of x n j when £ goes to +oo. Passing to the limit {x n } x [0, a] is 
in the chain-unstable set of A x {0} and in the 1/n-chain-stable set of A x {0}. By 
construction the set a(x n ) is disjoint from the interior of U n . Thus its projection K 
by 7r is a chain-transitive invariant compact set disjoint from X. So it is a 0-CLE 
set. □ 
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Wc define the point x G A as a limit of the points x n . We set x — ~k(x) and 
the segment / is the projection by 7r of {x} x [0,a]. By construction, it is a chain- 
recurrent central segment of x for the central model we considered. 



The point z. Let z be an interior point of I. Note that it is enough to prove the 
Proposition 15.41 for a dense subset of points z E I. Since / is C 1 -generic, it has at 
most countably many periodic points, hence one can assume that z is not periodic. 
One can find for each n a point z n G W£(x n ) such that: 

- the sequence (z n ) converges to z, 

- for each k > 0, the point f~ k {z n ) belongs to Wfj(f~ k (x n )), 

- z n belongs to the chain-unstable set of A in the 77-neighborhood of A. 

The modulus of the central Lyapunov exponents of the ergodic measures supported 
in a(z n ) are smaller than 9/3: 

Lemma 6.2. Let us consider x G A and z £ M such that for each k > 0, the 
iterate f~ k (z) belongs to W£(f (x)) and a(x) is a 0-CLE set. Then, any ergodic 
measure supported on a(z) has a central Lyapunov exponents in (—0/3,0/3). 

Proof. Consider any ergodic measure /U supported on a(z). Since the bundle E c is 
one-dimensional, its central Lyapunov exponent is equal to 

L C ( M ) = / \og(\\Df E 4)d^. 



Hence there exists a segment of orbit (/ (z), . . . , / k {z)), with k large and I > k, 
such that 



is close to L c {fjL). By our choice of rj, this last quantity is 0/4-close to 

j^-logWDf^if-^xM, 

which is arbitrarily close to zero if k and £ — k are large since a(x) is a 0-CLE 
set. □ 



Conclusion of the proof of the Proposition 15.41 Let us consider a neigh- 
borhood V z of z. Note that U\ and V z can be chosen in the countable basis B 
introduced at Section I5TT1 For any C 1 -neighborhood U of /, the following lemma 
will provide a diffcomorphism g G U having a hyperbolic periodic orbit O C Ua 
which meets V z and whose (dim(E s ) + l) th Lyapunov exponent belongs to (—9, 9). 
Since / belongs to the dense G$ set Q, then the same property holds for /, ending 
the proof of the Proposition 15.41 □ 

Lemma 6.3. For any C 1 -neighborhood Li of f , there exists g G U having a periodic 
orbit O C U\ which meets V z and whose (dim(E s ) + l) th Lyapunov exponent belongs 
to (-9,9). 
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The perturbation argument. We give now the proof of the Lemma HOI We can 
assume that there is ro > such that a(z n ) (1 B(z,ro) = for any n and that in 
particular z n ^ a(z n ) for n large. Since otherwise, the fact / is C 1 generic implies 
that a(z n ) can be accumulated by periodic orbits for the Haudorff topology. Since 
the central Lyapunov exponent of any ergodic measure supported on a(z n ) belongs 
to (—8/3, 0/3), we know that the central Lyapunov exponent of these periodic orbits 
belongs to (—0, 8). Thus, we know that the proposition is satisfied in this case. 

The neighborhood U. One can always reduce the neighborhood IA and find Nq > 1 
so that for any diffeomorphism g € 14, for any point x whose <?-orbit is contained 
in Ua and any point z G A, such that g k (x) and f k (z) are close for each < Nq, 
then the spaces E% for g and E z for / are close. Consequently, ||£>g|£c(a;)|| and 
||D/| B c(z)|| arc 0/3-close. 

For the neighborhood U, we know there is L G N associated to U by Lemma l2~2l 

The perturbation domain at z. By Lemma l2.2[ one can associate two neighborhoods 
B z C B z at z, small enough so that: 

- B z C V z ; 

- Ul, z '■= [jf=o P(B Z ) is disjoint from a(z n ) for any n £ N (using that 
a(z n ) nB{z,r ) = 0); 

- U LtZ c Ua- 

The set A and the connecting orbit between A and z. Choose no £ N such that 
z no G B z . We denote A := a(z no ). Choose a small neighborhood Ua of A such 
that: 

- Ul C Ua. 

- u A n u L , z = 0. 

- There are Ni > 1 and S > such that for any diffeomorphism g G U 
whose C°-distance to / on Ua is smaller than 5 and for any orbit segment 
{x,g(x), ■ ■ ■ ,g Nl (x)} C Ua for g of a point x whose orbit is contained in 
Ua, then 

2 1 2 

-3 6< W E lo gH^IW(x))ll<3^ 

' 1 i=0 

The last item can be justified as follows. If Ua is small and g is C°-close to / on 
Ua, then any orbit segment {x, g(x), ■ ■ ■ ,g Nl {x)} for g is arbitrarily close to an 
orbit segment {z, f(z), ■ ■ ■ , f Nl (z)} for /, hence by our choice of U we have 

ATx-l JVi-1 

- Y, to&\\Dg\ E w*))\\ - ^E log || g (-0/3,0/3). 

1 i=0 1 i=0 

If Ni has been chosen large enough, the second sum belongs to (—6/3, 9/3) by the 
Lemma 16.21 above. 

The points a and b. Since z and A are in a same chain-transitive set contained in Ua 
and since A = a(z no ) is in the local chain-unstable set of A in the ry-neighborhood of 
A, together with the fact that / is C 1 generic, by Theorem 12.41 there is a sequence 
of orbit segments 

{Vn, I(Vn), ■■■ , f kn (Vn)}neN C U A 

such that 
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- liirin-^oo f kn {y n ) = a e A. 

Let us consider a smaller neighborhood U' A of A whose closure is contained in 
the interior of U a- For each n, define l n £ [0, k n ] n N such that 

~ f m {Vn) £ U' A for any l n < m < k n . 

By taking a subsequence if necessary, one can assume that lirn ra _ >00 f n (y n ) = b £ 
U' A . Moreover, the forward iterations of b are contained in Ua- 

The perturbation domain at b and the connecting orbit between z and b. By Lemma 
12.21 there are two neighborhoods Bf, C B}, at b small enough so that: 

- the connected components of Ulj are smaller than 8; 

- UL,b is disjoint from A and from the backward orbit of z nQ ; 

- UL,b C U A . 

Choose n\ such that y ni £ B z and f l " 1 (y ni ) £ We also choose mi > 1 
so that the backward orbit of f~ mi (z no ) is contained in Ua- Then we define r = 
max(mi, l ni ). We introduce an integer T much larger than r. 

The perturbation domain at a and the connecting orbit between b and a. By Lemma 
12.21 there are two neighborhoods B a C B a at a small enough so that: 

- The connected components of Ul,o, are smaller than 8; 

- U Lta c U A ; 

- Ul,u is disjoint from UL,b\ 

- the points f~ mi ~ k {z no ) for < k < T are not in B a . 

Choose n 2 such that f lri2 {y n2 ) £ ^6 an d f kn2 (y n2 ) ^ B a . Note that the orbit 
segment {/'" 2 (y« 2 ), / fc " 2 (2/« 2 )} is contained in Ua- 

We now realize successively three perturbations of / in U supported in the dis- 
joint domains Ul^Ul^Ui,^ given by the Lemma [2.21 The composition of the 
three perturbations provides a diffeomorphism g which also belongs to U (see |BC1 
remark 4.3]). 

The perturbation at z. We apply the Lemma l2.2l to the perturbation domain B z , B z 
and the points f~ mi (z no ) and f lni (y ni )- We obtain a diffeomorphism f\£lA and 
a point p £ B z C V z whose orbit contains f~ rni (z no ),f lril (yni) and in particular 
satisfies: 

- there exists a forward iterate flip) in Bf, for some k < 2r and any point 
flip) with < i < k belongs to Ua, 

- the backward orbit of p for f\ is contained in ?7a, is disjoint from Ulj, and 
its a-limit is A, 

- the backward orbit of /i~ 2t (p) is contained in Ua, 

- the backward iterates /-f (p) for any < k < T are not in B a , 

- fi and / coincide on Ua- 

The perturbation at b. We apply the Lemma l2.2l to the perturbation domain Bb, Bb 
and the points p and / fe ™2 (y„ 2 ) for the map /i which coincides with / on Uh,b- We 
obtain a diffeomorphism f 2 £U such that: 
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there exists a forward iterate f™{p) in B a for some m > 0, the iterates f$ (p) 
for < k < m are contained in U\ and the iterates f£ (p) for 2r < k < m 
are contained in Ua] 

the backward orbit of /^~ 2r (p) is contained in Ua and its a-limit is A; 
the backward iterates /^(p) for any < k < T are contained in U\ \ B a , 
f<x and / coincide on Ul,u- 



The perturbation at a. We apply the Lemma 12^21 to the perturbation domain B a , B a 
and to the forward and backward orbit of p for the map /2 which coincides with / 
on Ul,ci- We obtain a diffeomorphism fa such that: 

- p is periodic and its orbit is contained in U\, 

- the period is larger than T, 

- all the iterates f (p) different from {f~ iT (p), ■ ■ ■ ,p, ■ ■ ■ f iT {p)} are in Ua- 

End of the proof of the lemma. By an arbitrarily small perturbation which preserves 
the orbit of p by /3, one gets a diffeomorphism g G 11 such that the orbit of p is 
hyperbolic. By construction it is contained in £/a and meets V z . 

Note that g is <5-close to / for the C°-distance on Ua- If P is the period of p, 
one deduces that 

2 1 p-^- 1 2 

'3 6< P~8^ ^ log\\Dg\ E « igi(x)) \\ < ~6. 

Since P > T is much larger than r, one deduces that 
1 P_1 

-Y d ^g\\Dg\ E , {gi[x)) \\&{-e,e). 

Hence the central Lyapunov exponent of p has a modulus smaller than 9 and the 
Lemma 16.31 is now proved. □ 

7. The thin trapped case: proof of Lemma l5~5l and Proposition 15.61 

We first prove the Lemma \5 . 5 1 which allows to select the set K. 

Proof of Lemma 15.51 We first build two sequences (y n ) and (K n ) satisfying the 
properties (i) and (ii) of the lemma. For that, we will divide the proof into two 
cases: the non-isolated case and the isolated case. 

• Non-isolated case: there is a sequence of 0-CLE sets {K n } such that there 
is y n £ K n for each n, y = lim JWOO y n exists and y G X. 

• Isolated case: there is a neighborhood U of X such that for any 0-CLE set 
K, one has K n U = 0. 

In the non-isolated case, (i) and (ii) are satisfied by (K n ), (y n ) and y. 

Now we discuss the isolated case. For any neighborhood U of X, let K^u = 
n„ 6 z/"(A \ U) be the maximal invariant set in A \ U. By Lemma 1531 the central 
Lyapunov exponent of any ergodic measure supported on -KaWj is 0- Take a 
sequence of neighborhoods U n of X such that n n£ fiU n = X and fix n. For any 
m G N, since A is chain-transitive and A contains a 0-CLE set K, there is a 1/m- 
pseudo orbit from K to X. As a consequence, there is a 1/m-pseudo orbit {za\a=o 
such that 

_ z b{m) € U n and z a U n for any < a < b(m) — 1. 
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- zq is 1/m-close to K. Thus, b(m) — > oo as m — > oo. 

By taking a subsequence if necessary, one can assume that y n = linim-^ z^ m ) 
exists and moreover, 

- Vn £ U n . 

- Orb~(y„) C A \ U„ . Hence, a(y n ) C A \ U„ . By the isolated assumption, 
a{y n ) C K&\u„ is a 0-CLE set. 

By taking a subsequence if necessary, one can assume that lim„_>. 00 y n exists and 
belongs to X . This gives (i) and (ii) in the isolated case. 

Now, for both cases (the non-isolated case and the isolated case), one gets: a 
sequence of 0-CLE sets (K n ) and a sequence of points (y n ) in A such that: 

- for each n, the a- limit set of y n is JsT n , 

- the sequence (y„) converges toward a point of X. 
In particular we have 




We then explain how to get the points (z n ) from the sequence (y n ) in order to 
satisfy (iii). We choose a £ (A 1 / 2 ,!), we set p — A 1 / 2 and apply Lemma 12.151 In 
the first case of the Lemma 12.151 the conclusion of Lemma 15.51 holds directly with 
the points z n = y n . 

In the second case of the Lemma \2. 151 the point z n are (1,(7, F)-hyperbolic and 
(taking a subsequence) converge toward a point z that is (1, p, i? c )-hyperbolic. Since 
p = A 1 / 2 < e~ e , the point z belongs to X as required. Thus {z n } satisfies all the 
requirements of the Lemma 15.51 □ 

Now we will discuss the thin trapped case. 

Proof of Proposition 15.61 The Lemma 15.51 gives us some constants C > and 
a £ (0, 1). We choose any p e (a, 1) and a constant r > given by Lemma [2.181 
adapted to the constants of hyperbolicity C, p. 

We choose x > and work with central plaques W£. We require several condi- 
tions on x : 

- X < r/2, 

- for any ieA the plaque W£(x) is contained in Ua, 

- for any (C, a, F)-hyperbolic point y G A for / _1 then any point y' such 
that f~ n (y') belongs to W£(f~ n (y)) for each n > is (C, p, F)-hyperbolic 
for f-\ 

By Lemma 1531 one can choose a 0-CLE set K and y £ A such that 

- a{y) = K. 

- There is x £ X such that d(x,y) < r/2. 

- y is (C, <7, F)-hyperbolic. 

Let us consider any central model (/, A x [0, +oo)) of A associated to the plaques 
W£ and let y be any lift of y in the central model. Then K = a(y) is a lift of K. 

Claim. There is 8& > such that ir(K x [0,^]) is contained in the chain-stable 
set Wu h - s {X) of A in U A . 
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Proof of the claim. One can assume that the map / is defined from Ax [0,1] to 
A x [0, +oo). There are two possibilities: 

(1) There is a sequence {S n } and a sequence {fc„} C N such that 

- S n — > as n — >■ oo, 

- r k ({y} x [o,s n }) c ir k m x [o, i] for any o < k < k n , 

- tH{y) x [o,6 n ]) = ir kn (y)} x [o,i]. 

(2) There is 5$ > such that f~ n ({y} X [0,^]) C {/""(£)} X [0,1] for any 
neN. 

In case (1), the chain-stable set of K x {0} contains an interval {z} x [0, 1]. By our 
assumptions, the chain-unstable set does not contain a non-trivial interval {y'} x 
[0, 1], hence the central dynamics of K x {0} is thin trapped by the theorem l4.1f 1). 
Arguing as in the begining of the proof of Proposition 14.51 one deduces that there 
exists a > such that K x [0, a] is in the chain-stable set of K x {0} in the central 
model. Since the plaques W£ are contained in Ua, the projection tt(K x [0, 1]) is 
contained in W^~ S (A). 

In case (2), the length of f~ n ({y} x [0,(5^]) is bounded away from zero, since 
otherwise {y} x [0, S y ] would be contained in the chain-unstable set of y in the 
central model and this would contradict our assumption that W ch ~ u (y) is reduced 
to {y}. We let 5p, be a lower bound for the length of f~ n ({y} x [0, S y ]). 

Let us consider (£, a) G K x [0, 8 p] and fix a > 0. By construction, there exists 
n > arbitrarily large and t 6 [0, S y ] such that y' :— ir(f~ n (y,t))) is a-close to 
ir(x, a). Since f~ n (y, t) are defined for any n > 0, the backward iterates of y' belong 
to the plaques f~ n {W^(y)). In particular y' belongs to A~ and by our choice of \ 
and y we have d(y',x) < r. We can thus apply the Lemmas 12.161 and 12.181 there 
exists a point z whose orbit is contained in U\ such that d(f k (z),A) goes to zero 
as k goes to +00 and such that d(f~ n (z), f~ n (y')) is exponentially small in n. If n 
has been chosen large enough, f~ n (z) is at distance smaller than 2a from ir(x,a). 
Since a is arbitrarily small, the point 7r(i, a) belongs to W^~ S (A). □ 

By changing the lift of y (in the case the central dynamics of A is non-orientable) 
or by changing the central model, we get another lift K, another constant 5'^ l such 
that the union of the projections n(K x [0, 5^\) Utt(K' x [0, 8'g.,]) cover the plaques 
W^{x) with x E K for some 77 > small. □ 

8. Consequences 
In this section we prove the corollaries stated in the introduction. 

8.1. Central bundles of homoclinic classes. Proof of Corollary 1 1.9[ Let us 

consider a homoclinic class H(p) for a C 1 -generic diffeomorphism / e Diff 1 (M) \ 
HT, and a one-dimensional central bundle E c . Note that if H(p) contains periodic 
orbits such that E c is stable and others such that E c is unstable, then, the class 
contains a chain-transitive central segment associated to E c . Otherwise, the next 
result shows that the central dynamics along the bundle E c is thin trapped for / 
or / _1 (implying that E c has type (H)-attracting or (H)-repelling according to the 
classification of |C3[ Section 2.2] and that it is "chain-hyperbolic", according to the 
definition introduced in |CP| Definition 7]). 
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Proposition 8.1. Let f be a diffeomorphism in a dense Gs subset o/DifT 1 (M) 
and let H(j>) be a homoclinic class endowed with a dominated splitting Tjj( p )M = 
E@E C ®F such that: 

- the minimal index of H(p) equals dim(i? © E c ), 

- there exists periodic orbits related with p whose Lyapunov exponent along 
E c is arbitrarily close to 0. 

Then, the central dynamics along E c is thin-trapped. In particular E is uniformly 
contracted. 

Proof. Note that since H(p) contains periodic orbits such that E c is stable, there 
is no central model associated to E c such that the dynamics is trapped for 
According to Theorem 14. If 2) we have to rule out the existence of a chain-recurrent 
central segment / for H(p). Since / C H{p), for any z in the interior of / there 
exists a sequence of periodic points p n converging to z and whose central Lyapunov 
exponent is close to zero. Since / is C 1 -generic, by Lemma I2TT1 one can choose the 
points p n with index equal to dim(E) . By Corollary 14.41 the points p n belong to 
H(p) and we obtain a contradiction. □ 

We prove the result about the ergodic closing lemma. 

Proof of Corollary \1.9[ By Theorem ll.il there exists a dominated splitting T H ^ p )M = 
E s © E c © F with dim(i? c ) = 1 and dim(£' s © E c ) = i. Moreover, there exists pe- 
riodic orbits in H (p) whose Lyapunov exponent along E c is close to zero. By the 
previous lemma the central dynamics along E c is thin trapped. 

By Mane's ergodic closing lemma |Mj[ IABC] . there exists a sequence of peri- 
odic orbits O n whose associated measures converge towards /i. Note that they are 
contained in an arbitrarily small neighborhood of H{p). Consider a plaque family 
T> cs tangent to E s © E c over the maximal invariant set in a small neighborhood 
of H(p), which is trapped by / and whose plaques are small. For some a S (0, 1), 
there exists a (1, er, i 7 ')-hyperbolic point x in the support of /i. Its unstable manifold 
meets the plaque of some point q n £ O n for large n. Since the plaques are 
trapped, it meets the stable manifold of some hyperbolic periodic point q n £ ■ 
This implies that q n belongs to the chain- unstable set of H(p). Considering smaller 
plaque families, this construction shows that there exists a sequence of hyperbolic 
periodic orbits O n whose associated measures converge to n and that are contained 
in the chain-unstable set of H(p). 

On the other hand, since the central exponent of O n is close to zero, some point 
q' n £ O n has a uniform unstable manifold tangent to F. One can assume that (q' n ) 
converges toward some point x G H{p)- Since the central dynamics along E c is 
thin trapped, the Lemma 14.31 implies that the orbits O n also belong to the chain- 
stable set of H(p). As a consequence, H{p) contains periodic orbits whose measure 
converge towards /x. □ 

8.2. More arguments about aperiodic classes. We provide now an alternative 
argument for the item (1) of Theorem 11.11 about aperiodic classes, which is shorter 
since it does not use Theorem 11.21 (nor Lemma 13. 1|) and the Sections [5] to [7] 

Proposition 8.2. For any diffeomorphism f in a dense G s subset o/Diff i (M)\HT, 
any aperiodic class C is partially hyperbolic with a one- dimensional central bundle. 
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Proof. By Theorem 12. 6[ the class C is limit of a sequence of hyperbolic periodic 
orbit O n for the Hausdorff distance. 

Let us assume by contradiction that these periodic orbits do not have a weak 
Lyapunov exponent. By Theorem 1 2. 7\ this induces a dominated splitting TqM — 
E © F where dim(E) equals the index of the periodic orbits and there exist C > 0, 
er G (0, 1) and N > 1 such that inequalities (Q]) in Theorem 12.71 hold for any point 
of the orbits O n . We will set A = 1/2 and we can assume that a 2 > A = 1/2. 

Passing to the limit, this implies that C has a (C, a, i?)-hyperbolic point y for 
f N . Let us consider a sequence of periodic points yu in the union of the orbits O n 
which converges toward y. By Lemma |2.15[ one can replace the points yk and the 
point y so that the first are (C, a, F)-hyperbolic for f~ N and the second is (C, a, E)- 
hyperbolic for / . Lemma \2 . 1 71 implies that for n large enough, the periodic orbits 
O n belong to the chain-stable set of C. 

The symmetric argument for / _1 shows that for n large enough, the periodic 
orbits O n belong to the chain-unstable set of C. This proves that the O n are 
contained in C, contradicting the assumption that C is aperiodic. 

We have shown that the periodic orbits O n have a weak Lyapunov exponent, 
hence induce by Theorem 12.71 a splitting E © E c © F on C, with dim(i? c ) = 1. 
If the conclusion of the Proposition 18.21 does not hold, either F is not uniformly 
expanded or E is not uniformly contracted. One can assume for instance that F 
is not uniform. With the domination, this implies that C contains a i? c -hyperbolic 
point for /. In particular, for any central model, the dynamics can not be thin 
trapped for By Corollary |4.4[ the set C has no chain-recurrent central segment. 
Thus by Theorem 14.1( 2). the central dynamics of C is thin trapped for /. With 
the domination, we conclude that E is uniformly contracted. The existence of a 
-E c -hyperbolic point for / in C also implies that there exists a central plaque of C 
contained in the chain-stable set of C. 

Passing to the limit with the periodic orbits O n , we also deduce that there exists 
a (C, a, F)-hyperbolic point for f~ N in C. Thus the result stated in Remark l4~3l 
applies concluding that C contains a periodic point, which is a contradiction. The 
proof is now complete. □ 

8.3. Weak periodic points: proof of Corollary 11.41 By Theorem 11.11 for 
any C generic / which is away from ones exhibit a homoclinic tangency, every 
homoclinic class H(p) admits a dominated splitting E®F such that dim(-E) equals 
the index of p. If H(p) is not hyperbolic, either E is not uniformly contracted 
or F is not uniformly expanded. We will assume that we are in the first case. 
Theorem ll.il gives a dominated splitting E = E' ' © E c with d\m{E c ) = 1. 

If there exist periodic points in H(p) of index dim(_E'), then by Theorem 12.111 
there exists periodic orbits in H(p) with the same index as p whose Lyapunov 
exponent along E c is arbitrarily weak. By Corollary 12.31 these periodic points are 
homoclinically related to p as required. 

Otherwise the index of p coincides with the minimal index of the class. By 
Thcorcm ll.il there exists periodic orbits in H(p) with the same index as p whose 
Lyapunov exponent along E c is arbitrarily weak. We conclude in the same way. 

8.4. About Palis conjecture: proof of Corollary 11.51 For a C 1 generic / 
which is away from ones exhibit a homoclinic tangency or a heterodimensional 
cycle, Theorem 1 1 . 1 1 applies and any homoclinic class H (p) has a partially hyperbolic 
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splitting T H ( p )M = E s ($Ef®- ■ -®El@E u . If k < 2 we are done, otherwise the class 
contains periodic points of different indices and Theorem 1 2 . 1 2 1 gives a contradiction. 

8.5. Lyapunov stable classes: proof of Corollary 11.61 Consider a C 1 -generic 
diffcomorphism / in Diff 1 (A/) \ HT and a Lyapunov stable chain-recurrence class 
C. 

Claim (|Yi|). The class C is a homoclinic class. 

Indeed if it is an aperiodic class, by Theorem 11.11 it has a partially hyperbolic 
decomposition T C M = E s © E c © E u and this contradicts Theorem 5 in [BGWj . 

Claim (|Y7]). IfT c M — E s ®Ef®- ■ -®E£®E U is the partialy hyperbolic structure 
on C, then the class C contains periodic points of stable index dim(_B s ) + k. In 
particular if it is not a sink, the bundle E u is non-degenerated. 

Proof. The proof is by contradiction. Since it is similar to |CP[ Corollary 2.3], 
we only give the idea. Since / is C^-generic and C contains periodic points of 
index dim(i? s ) + k — 1 with Lyapunov exponent along E% arbitrarily close to zero. 
Thus by Lemma l2.ll there exist periodic points q of index dim(i? s ) + k arbitrarily 
close to C. By Proposition 18.11 the central dynamics along Ef. is thin trapped 
by / . One deduces that there exists a (small) plaque family V cu tangent to 
E cu — E%® E u that is trapped by One also fix a (small) plaque family V cs 

tangent to E cs = E s © E\ © • • • © E^. All the Lyapunov exponents of q along E CB 
are uniformly bounded away from zero. One deduces from Lemmas 12.141 and 12.161 
that up to replace q by one of its iterates, the stable manifold of q contains T>^ s . 
Similarly, C contains a dense subset of periodic points x whose Lyapunov exponents 
along E cu are uniformly bounded away from zero, implying that T) ^, , is contained 

in W u (f k {x)) for some iterate f k {x) of x. The trapping property on T> cu implies 
that £>™ is also contained in W u (x). Since q is close to C, there exists such a point 
x € C such that V^ s intersects 2?™, hence q belongs to the closure of the unstable 
set of x. Using that C is Lyapunov stable one deduces that C contains the periodic 
point q. This contradicts the fact that C does not contain any periodic point of 
index dim(£: s ) + k. □ 

We now prove the two corollary. 

Proof of Corollary \l.b\ We will assume that a Lyapunov stable class H(p) has no 
robust heterodimcnsional cycle. Arguing as in the previous section and using the 
previous claim, H(p) has a dominated splitting T H ^M — E S ®E C @E S , dim(_E c ) < 
1, all its periodic points have index dim(E 3 © E c ), and the central dynamics along 
the bundle E c is thin trapped for /. One can thus apply |CP[ Theorem 13] and 
deduce that E c is trivial. Hence H(p) is hyperbolic. □ 

8.6. Bound on the number of classes: proof of Corollary 11.71 We could 
argue as in |Cs[ section 6, page 724] but instead we give a different argument. Let 
us assume by contradiction that there exists a countable collection of homoclinic 
classes H{p n ) having a same dominated splitting T H ( Pn )M — E(BEf ffi-Ef ®F, such 
that E? are one-dimensional, and that there exists for each n a periodic orbits O l n 
homoclinically related to p n and whose Lyapunov exponent along Ef is arbitrarily 
weak. One can assume that H(p n ) converges towards a chain-transitive set A. 
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We claim that for n large, the set A is contained in the chain-unstable set of 
H(p n ). Arguing similarly, A is contained in the chain-stable set of H(p n ), hence 
all the chain-recurrence class H(p n ) contain A and should coincide, giving the 
contradiction. 

Let us fix a £ (0, 1) close to 1. The domination and the fact that is weak 
along E% implies that there exists x n 6 that is a (1, a, E © Ef )-hyperbolic point 
for /. One can assume that the sequence (x n ) converges towards igA. One can 
also consider y n 6 H{p n ) n W U {0] 1 ) arbitrarily close to x. Since 0\ — a{y n ) is 
weak along Ef, by Lemma \2. 151 there exists C > and one can replace the points 
y n and the point x, so that the points y n are (C, a, E^ © i ? )-hyperbolic point for 
j~ x and x is (1, <r,E © Ef )-hyperbolic point for /. As a consequence, the unstable 
manifold of y n (and of 0\ C H(p n )) meets the stable manifold of x 6 A. This 
proves the claim and ends the proof. 

8.7. Index completeness: proof of Corollary 11.81 Let us consider A as in the 
statement of Corollary [L~8l By Theorem [Til it has a splitting T A M = E s © Ef © 
• ■ •®E^@E U . We fix 6 > and want to prove the existence of a periodic orbit that is 
5-close to A for the Hausdorff distance and of any index in {dim(£' s ), . . . , dim(£' s ) + 
k}. We fix Uq a neighborhood of A contained in the (5-neighborhood U of A. 

In the case k = 0, the set A is hyperbolic and the shadowing lemma shows that 
ind(A) = dim(£: s ). 

In the case k = 1 and all the invariant measure have a central Lyapunov exponent 
equal to zero, then by Theorem 12.61 the set A is the Hausdorff limit of a sequence 
of periodic orbits. Their central Lyapunov exponent is arbitrarily close to zero, so 
by Lemma [27X1 both indices dim(.E s ) and dim(£7 s ) + 1 appear, as required. 

In the remaining cases one has k > 1 and there exists an invariant measure 
whose exponent along Ef is non-zero. Then Theorem 11.21 and Lemma 12.11 imply 
that dim(i? s ) is contained in ind(A). Moreover, there exists a periodic point p 
whose orbit is contained in Uo and is 5-close to A for the Hausdorff distance, whose 
local homoclinic class H(p, Uq) contains A and such that the index of p is equal to 
dim(£: s ) or dim(E s ) + 1. 

Similarly, dim(_E s ) + k G ind(A), and there exists a periodic point q whose orbit 
is contained in Uq, whose local homoclinic class H (g, Uq) contains A and such that 
the index of q is equal to dim(E s ) + k or dim(E s ) + k — 1. 

Let us choose any i € {ind(p), . . . , ind(q)}. By Corollary 12.31 since H(p,Uo) 
and H(q,Uo) intersect, for any neighborhood U\ C U of Uq, the class H(p,U\) 
contains q. Then, by Theorem 12.111 and Remark 12.11 one can choose U% C U 
containing U\ such that H(p, U2) contains a hyperbolic periodic point z of index 
i. By Corollary [231 the class H(z, U) contains p and a periodic point x arbitrarily 
close to p, whose orbit is contained in U and of any index i. By construction this 
orbit is <5-close to A for the Hausdorff distance. Hence A is index complete. 

The end of the proof follows. 
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